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Multi-bubble nodal solutions to slightly subcritical 
elliptic problems with Hardy terms 

Thomas Bartsch, Qianqiao Guo* 

Abstract The paper is concerned with the slightly subcritical elliptic problem with Hardy term 

—Alt — —pr = luP in H, 

\A 

u = 0 on (9H, 

in a bounded domain H C with 0 G H, in dimensions N > 7. We prove the existence of multi-bubble 
nodal solutions that blow up positively at the origin and negatively at a different point as e —^ 0 and 
/i = e“ with a > . In the case of H being a ball centered at the origin we can obtain solutions with 

up to 5 bubbles of different signs. We also obtain nodal bubble tower solutions, i.e. superpositions of 
bubbles of different signs, all blowing up at the origin but with different blow-up order. The asymptotic 
shape of the solutions is determined in detail. 
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1 Introduction 

The paper is concerned with the semilinear singular problem 

—Alt — = liiP ~^~^u in H, 

nr 

It = 0 on 9H, 

where H C A > 7, is a smooth bounded domain with 0 G H; 2* 
exponent. We study the existence of nodal (i.e. sign changing) solutions 
0 < £ —>■ 0 and /i = with /ip > 0 and a > 0 constants. 

The blow-up phenomenon for positive and for nodal solutions to problem (1.1) has been studied 
extensively in the case /i = 0. It was proved in [8, 18, 22, 27, 28] that as e —>■ O'*', the positive solution 
Ug blows up and concentrates at a critical point of the Robin’s function of H. In [3, 29], the existence 
of positive solutions with multiple bubbles was considered. In convex domains a positive solution cannot 
have multiple bubbles, see [20]. The existence of nodal solutions with k bubbles at k different points was 

*Q.G. was supported by the National Natural Science Foundation of China (Grant Nos.11001221,11271299) and the 
Fundamental Research Funds for the Central Universities (3102015ZY069). 
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proved in [4] in the case fc = 2, in [5] in the case k = A when is convex and satisfies a certain symmetry, 
and in [6] in the case k = 3 when O is a ball. On the other hand, nodal solutions with tower of bubbles 
were obtained in [25, 26]. All these papers only treat the regular case ^ = 0. 

When /i 0, the Hardy potential cannot be regarded as a lower order perturbation because it 
has the same homogeneity as the Laplace operator and does not belong to the Kato class. This makes 
the analysis much more complicated compared with the case /i = 0. For the problem with Hardy type 
potentials and critical exponents, much attention has been paid to the existence of positive and nodal 
solutions, see e.g. [9, 10, 14, 17, 19, 21, 23, 30, 31, 33]. However, few results are known about the existence 
of positive or nodal solutions with multiple bubbles to the problem involving Hardy type potentials and 
critical exponents. We are only aware of the papers [15, 16], dealing with the problem 

{ — Am — -r^u = k{x)v?' 

( 1 . 2 ) 

M>0inR^\{0}; 

here := {u G (R^)| |Vm| G L^(R.'^)}. In [16] the existence of positive bubble tower solutions 

to (1.2), blowing up at the origin, was proved as e —>■ 0, when k(x) = 1 + eK{x) with K(x) a continuous 
bounded function. These solutions, called fountain-like in [16], are superpositions of positive bubbles. In 
[15] the existence of a positive solution to (1.2) blowing up at a critical point of k{x) was obtained as 
/i —>■ 0“*". In [II] Cao and Peng investigated the asymptotic behavior of positive solutions to (1.1) in a 
ball. 

In this paper we are interested in the existence of multi-bubble nodal solutions to problem (1.1) as 
e, /i —>■ 0. Compared with [15, 16] the location of the bubbles does not depend on the shape of a coefficient 
function k(x) but on the subtle influence of the geometry of the domain. We obtain two types of solutions 
depending on the exponent a in the relation ji = where /tq > 0. If a > we prove the existence 
of nodal solutions blowing up at different points, positively at the origin and negatively at other points. 
The bubble tower solutions exist for a = 1, that is, when fx has the same order as e when £ —>■ 0’*'. In that 
case, on any smooth bounded domain, we obtain nodal solutions that are superpositons of bubbles with 
different signs, all blowing up at the origin. The proofs are based on the Lyapunov-Schmidt reduction 
scheme. 

In order to state our results we introduce some notation. By Hardy’s inequality, the norm 

IklU := 

1 /2 

is equivalent to the norm ||m||o = \Vu\'^dx) on i7o(H) provided 0 < /x < /I. This will of course be 

the case for /i = /Lto£“ with £ > 0 small. As in [17] we write i7^(H) for the Hilbert space consisting of 
HQ{n) functions with the inner product 

{u,v) := / (VuVv-n-^]dx. 

Jq\ hIv 

It is known that the nonzero critical points of the energy functional 

Mu) -.= 11 
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defined on are precisely the nontrivial weak solutions to problem (1.1). 

Next we introduce two limiting problems. The first one is 

-Am = \uf-‘^u in , 

M —>■ 0 as |x| —>■ oo. 

It is well known that the nontrivial least energy (positive) solutions to (1.3) are the instantons 

N-2 

with (5 > 0, C G and Cq := {N{N — 2))^~, cf. [1, 32]. These solutions minimize 

Irn iVwpda; 


(1.3) 


5-0 := 


«eDi.= (B^)\{0} (4„ |M|2*dx)2/2* 


Moreover there holds 


\yUsJ^dx= I \Usxfdx = S^ 


/RN 


The second limiting problem is 


—Au — fi-. 


/RN 


= \u\ u m 


dA^ 


(1.4) 


■u —>■ 0 as jx] —>■ oo. 

For 0 < fi <JI we know from [12, 33] that all positive solutions to (1.4) are given by 

Va=C. 






with (j > 0, /3i := {^/Jl - Vm - m)/v^. P 2 ■= (v^ + Vm - m)/v^i and := 
solutions are minimizers of 

/r«(|VmP-/ i|y^)dx 


_ f 4N{-p-^L) \ 4 

N-2 


. These 


bu := mm —^—, 

ueDC2(RN)\{o} (J „ Mp (ia:)2/2 


and they satisfy 


[ (\VV^\^-fi^-^)dx= [ \V^fdx = S; 

jR« \ fI / 


n 

2 

fl . 


The Green’s function of the Dirichlet Laplacian can be written as G{x,y) = — H{x,y), 

for x,y € O, where H is the regular part. These functions are symmetric: G{x,y) = G{y,x) and 
H{x,y) = H{y,x). We need the map 

<f{x) := iJ 2 (0, 0)i/ 2 (x, x) + G{x, 0). 

If the domain satisfies the symmetry condition 

(S'!) n is invariant under the reflection (a;i,a;') !->■ (xi,—x'), where xi G R, x' G 

then we define a < 0 < 6 by / := {(t, 0,..., 0) : a < t < 6} C fl and dl = {(a, 0,..., 0), (6,0,..., 0)} C 911. 
For a < s.t < b we set 


g{t, s) := G{{t, 0,..., 0), (s, 0,..., 0)), h{t, s) := H{{t, 0,..., 0), (s, 0,..., 0)), 
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and 

ip{t) := ip{t, 0,..., 0) = (0, Q)h^ {t, t) + g{t, 0). 

Observe that (p{t) —>■ c» as t —>■ a or t —>■ 6. In particular, (p has a minimum in (a, b). 

Now we state the main results of the paper. Throughout the paper let O C , iV > 7, be a smooth 
bounded domain. We begin with the existence of nodal solutions with bubbles concentrating at different 
points, one being the origin. 

Theorem 1.1. Let fj, = /xoe“ with no > 0 and a > fixed. 


a) There exists Eq > 0 such that for any e G (0,Eo); there exist a pair of solutions to problem 
( 1 . 1 ) satisfying 


M 


(cr®)2|x|^i + \x\h'2 


-On 


(d")2 + |x-e|2 


+ 0(1), (1.5) 


where 5^ = cr^ = A^£"~2, and for some g> 0 small enough, > g, dist(^®,90) > g, A®, 

A^ G {g, i). Moreover, —>■ with (p{f*) = 


b) If (Si) holds there exist solutions as in a) with = (O, 0, • • • ,0) and t^ ^ t* as e —>■ 0 where t* is 
a (local) minimum of (p(t) in (a,b) \ { 0 }. 


We can obtain more solutions if O = 5(0,1). More precisely, for A: = 2,3 we obtain the existence of 
solutions with k + 1 bubbles, one positive and k negative. 


Theorem 1.2. Let ft = 5(0,1) C p, = po£°‘ with /tq > 0 and a > fixed. For k = 2 and N >7, 
or k = 3 and N large enough, there exists Eq > 0 such that for every e G (0,Eo), there exist two pairs of 
solutions ±Ug, ±t 6 g of problem ( 1 . 1 ) satisfying 


where S) 
A^e^, 


= A^e^, (e|)* = (e2’^*^/'=§,0), § G 5(2) 
and for some g > 0 small enough, ?7 < |‘C|I < 1 — 


(df)2 + |a; - 



N-2 

2 

+ o(l)) 


( 1 . 6 ) 


:= {x = (xi,X 2 , 0 ,--- ,0) G 5(0,1)}, = 

g, A}, \] G ( 77 , i), A = 1, 2,..., fc, j = 1, 2. 


We would like to point out that the idea of Theorem 1.2 is not applicable for fc = 4; see Remark 3.6 
and Proposition 3.7. It seems very difficult to prove the existence of nodal solutions with the shape as in 
(1.6) to problem (1.1) for fc > 4. However, for Ll = 5(0,1), the existence of solutions with 5 bubbles, 3 
being positive and 2 being negative, can be proved. 


Theorem 1.3. Let H = 5(0, 1) C N > 7, p = poe°' with po > 0 and a > fixed. Then there 
exists So >0 such that for any s G (0,Eo), there exist one pairs of 5-bubble solutions ±Us to problem (1.1) 
satisfying 


.{x) = C, 


(i7®)2|a;|^i + \x\h'^ 




(dfc")2 + |a:-(e)*| 


^(1), 


where d*’® = A*’®e^, A^’^ = A^’^ A2>^ = A^’®, (^^)i = (e2"^/'=^^ 0), G 5 ( 2 ), = A^e^, and for 

some g > 0 small enough, 77 < |^'^| < 1 — 77, A*’^, A^ G {g, ^), i = 1,..., 4. 
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The assumption that a > is critical to obtain the existence of nodal solutions with multiple 

bubbles concentrating at different points since it can be seen from the reduction procedure in Section 3 
that the reduced function has no critical point if 0 < a < It is natural to ask, whether there exists 

/I(s) > 0 for e > 0 small, such that problem (1.1) admits positive or nodal solutions with multiple bubbles 
concentrating at different points when 0 < /i < /i(e). 

Now we state a result about the existence of nodal solutions that are towers of bubbles concentrating 
at the origin. 


Theorem 1.4. Let /i = with /tq > 0 fixed. For any given integer k > 0 there exists £o > 0 such that 
for any e G (0,eo), there exist a pair of solutions irtg to problem (1.1) satisfying that, as e ^ O’*", 

1=2 k 


Ue{x) = C^(-l)'‘ 


fjc. P|2;|/5i 


re'121 


r|/32 


CoE(-l) 


2-1 


2=1 


(^f)" + k-efp 


o(l) 


22-1 , .j —s 2(fc + l)-l 

where Sf = > Q ^ ^ ^ = 1, 2,..., = A £ ^-2 ^ and for some rj > 0 small 


lough, A®, a"" G [p, and |Cf | < ^ for i = 1,... ,k. 


We assume TV > 7 in this paper for technical reasons and in order to not to make the presentation too 
heavy. The results can be extended to the case = 6. For < 5, there would be technical difficulties. 

The paper is organized as follows. In Section 2, we give some notations and preliminary results. 
Section 3 is devoted to the proofs of Theorems 1.1 and 1.2, that is, the existence of nodal solutions 
with multiple bubbles blowing up at different points. The proof of Theorem 1.4, the existence of nodal 
bubble tower solutions, is given in Section 4. At last, some useful technical lemmas are collected in the 
appendices. 


2 Notations and preliminary results 


Throughout this paper, positive constants will be denoted by C, c. 

As in [15] let t* : —>■ be the adjoint operator of the inclusion t : —>■ 

L^-^/(^“^)(n), that is. 


L*{u)=v {v,(j))= [ u{x)(j){x)dx, for all ()) G i7,^(fl). (2.1) 

JQ, 

This is continuous, i.e., there exists c > 0 such that 


||t*(u)IU < c||M||2iV/(Ar+2). 

Then problem (1.1) is equivalent to the fixed point problem 


where fsis) = jsp 

To continue, we show an eigenvalue problem first. 

Proposition 2.1. Let Ai, i = 1,2,..., be the eigenvalues of 

i-Au - = A\Va\'^*~‘^u inR^, 

juj —>■ 0 as |a;| —>■ +oo 


( 2 . 2 ) 


(2.3) 
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in increasing order. Then Ai = 1 with eigenfunction Va-, A 2 = 2* — 1 with eigenfunction 

Proof. Direct computations give that and are eigenfunctions corresponding to 1 and 2* — 1, 
respectively. Now as in [34], it is enough to prove that the eigenfunction u corresponding to the eigenvalue 
A < 2* — 1 has to be radial. 

Denote by fji, i = 0,1, 2,..., the sequence of spherical harmonics, which are eigenfunctions of the 
Laplace-Beltrami operator on S^~^: 

= nipi- 


It is well known that tq = 0, ri,..., tat = TV — 1, tat+i > tn- We prove that for every z > 1, 

u{r, 9)'tpi{9)d9 = 0. 


/s"-i 


Setting = /^w-i u{r,9)'tpi{9)d9 we have: 

= / Aru{r,9)fji{9)d9 
JsN-i 


/ + Ary-,.(r,e)) 

f y + AV^ u{r,9)'ijji{9)d9 


Jsn-i r^ 

This implies for any i? > 0: 


-y 


dr 


/b„(o)'^* V ^ dr JdBaio)\ dr dr dr^ 

L ^ , AT/2*-2\ _ ^ 


Ibr(o) r 


dv„ d^, d^v. 


JobR io) \ dr dr " dr^ 

f , ZA zo* , 2 ^ 1 ". 

/ -5- Ti^- + [A-{2 -l))V^ -§- 

Jb„(q) or dr H 


Ti 


dv, d^, 5214 


^JdBR{o)\dr dr "^"dr^ 

Now let R be the first zero of R := +00 if tpi is never zero. Without loss of generality we assume 
(pi{r) > 0 for r G (0, R). Then ^f(T?) < 0, and we finish the proof. □ 

Let us dehne the projection P : — >■ Hq{^), that is, APu = Au in D, Pu = 0 on dtd. 


Proposition 2.2. Let 0 € LI be a smooth bounded domain. Denote Lp„ := Va — PVa. Then 

0<ipa'£Va, where ipa{x) = C^df^ ^{x)H{0,x)a = + ha', (2.4) 

here d-mf < d < dsup, dinf = dist(0,9D) = inf{|x| : x G dsup = sup{|x| : x G 912}, and ha satisfies 

the uniform estimates 


Ni2 dha N. 

= 0{a 2 ), = 0{a 2 , 


(2.5) 
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Proof. It is easy to see that Lpa satisfies 


Aipaix) = 0 

^(Paix) = Vcy{x) = C'^(^2|3,|f<r+|a;|^<2 ) 

Then the first part of (2.4) holds by the maximum principle. 
Consider the function H satisfying 


in n\{0}, 
on dfl. 


AH{0,x) = 0 
H{0,x) = 


in n\{0}, 
on 


Notice that on 90, 


(fcr 


, , N-2 N-2 , 

H{0,x)a 2 =C^a 2 [ 


(cr^lccl^i + |a;|^2) 2 |a; 


lv3^] > o(a^), 


and 




- C^d^-'^H{0,x)a^ = C^a^i- 




' (cr^ |x|^i + |a;|^2)-^V^ 

Then the maximum principle and direct computations yield the second part of (2.4) and (2.5). □ 

Remark 2.3. a) If /i —>■ O”*', then 

ffrrix) = CoH{0, x)a^~ + 0{fia^~) + ha- (2.6) 

b) Let us recall the similar results for obtained in [28], that is 

0 < := Us,i - PUs,i < Us,i, ips,^ = CoH{^, ■)S^ + hs,^, (2.7) 

where hs,^ = 0{6^^). 


3 Solutions with multiple bubbles concentrating at different 
points 

3.1 The finite dimensional reduction 

We introduce some notation. Fix an integer A: > 0. For A = (Ai, A 2 ,..., Afc, A) € and ^ = 

{^ 1 ,^ 2 ,... ,Cfc) G we define 

k 

IF,,a,^ := ^ Ker (-A - (2* - ) + Ker (^-A - ^ - (2* - l)l/f , 

where Si = XiS ^-'^, a = Ae"- 2 . From [7], the kernel of the operator —A — (2* — 1)17,5^ on L'^(R^) has 
dimension A + 1 and is spanned by ; J = !> 2,..., A, where {^iY is the j—th component 

of ^i- Combining this with Proposition 2.1, we have 

= spanl^-b 4'°, 4', i = 1, 2,...,/c, j = I, 2,..., a| , 
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where for i = 1, 2,..., fc and j = 1,2,..., N: 


For T] £ (0,1) we define 




9UsUi ^ . dVg 

di^^y ’ * ■ ad, ’ • aa ■ 


:= {(A ,0 G xn’^-.XiG {r],7j-y,X£ {r,,7j-y, dist(e„ar!) > 77 , 

IC*I > 11 , 1^*1 - ^* 2 ! > ■^> = 1,2,.. .,A:, Ii 12 }. 

Let us introduce the spaces 

Ke.A.c := 

and 

Ktx,i ■■= {</> G ■■ (y, P'^) = 0, for all ^ G VFe.A.J, 

and the (•,•)-orthogonal projections 


n,,A.« :=iL^(L!) ^iGe.A,6 


and 


Kx,i ■■= Id - ne.A,c : 

Solving problem (1.1) is equivalent to finding ?7>0,£:>0, (X,^) £ Oj^ and (ps .A.C G ,t such that: 

nilA.C (K.A.C + </>e,A.4 - i*(/e(K.A,C + <^s.A.c))) = 0, (3.1) 


and 


where 


or 


lie,A,4 (14,A,^ + 4e,A,{ — t*(/e(I4,A,^ + 4e,A,{))) — 0, 
k 

foe.A.C = +PI4 

i^l 

k 

I4.a, 5 =^(-l)*m„5,+P14. 


(3.2) 

(3.3) 

(3.4) 


In the rest of this section, we only consider 14, a.{ as in (3.3) because the argument for the solutions of 
the form (3.4) is similar. 

We prove (3.1) first. Let us introduce the operator L£,a ,5 : ^i'“A,{ ^e^A j defined by 

ie.A,c(4) = 4 - ni;;,,54(/'(i4,A,«)4)- 

Proposition 3.1. For any rj > 0, there exist £o > 0 cind c > 0 such that for every {X,f) £ Orj and for 
every e £ (0, Sg)-' 

\\Le,\,yp)\\t, > c|| 4 IU> for all p £ 


In particular, Le,A ,4 is invertible with continuous inverse. 



Proof. We argue by contradiction, following the same line as in [24]. Suppose there exist ry > 0, 
sequences e” > 0, (A”, ^”) G On, G such that e” —>■ 0, A” = (A”,..., A]l, A") —>■ (Ai,... Xk, A), 

C = as n-)> oo, and 


Thus we have 


Setting 


= h",with ||/i"||^ 0. 


<5’^ = A”e^, (7” = A”£^ 


and 




dm^ 

where is the j—th component of we obtain 


(9<5r 


9(t” 


fc Af 


:= -nen.An.ea*(/^(K-..An,e)<^")) = + 

i=l i=0 


(3.5) 

(3.6) 

(3.7) 


for some coefficients c"^ , Cq. Now we argue in three steps. 
Step 1. We prove 


lim ||u;”|U = 0. 

n—^oo 


Multiplying (3.7) by AP(Tf)„ + we get 




Ij- - j^t*(/^(K-..A~.e)<(<”) (AP(vI/f)„+y. 

. - i (-AP(*f). - .^) + I »“ (AP(^f),. + 


and then 


k N 


E E P('I'f )n) + (P(«')„, P(^f )„) 

i=l j=0 

= (<(.",P('i'f)„) - (i*(/^(K».An.e)</>")>m'‘)«) - {h\P{^X)- 

From Lemma A.l we deduce: 


(3.8) 




(Spy 


+ o 


(spy 


= -(i*(/o(K'‘.A».e)</>”),m'‘)n), 


where cpf^ > 0 is a constant. 

Proposition 2.2 implies 

0 = (r,p(M>py)= [ v<(<"VP(4/f)„ - 

Jn kr 



(3.9) 
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and then 


Jn 


< ^ 

' In 

= 0 ( 1 ) 


0 ( 1 ) 


by Lemma A.2 and Lemma A.3. 

Combining the above inequality with (3.9) yields —>■ 0 as n —>■ oo. Similar arguments show that 

Cg —>■ 0 as n —>■ oo, and lim |lw"|L = 0 follows. 

n—^oo 

Step 2. Let y : —>■ [0,1] be a smooth cut-off function, such that x(x) = 1 if |x| < 77 / 4 , x(x) = 0 if 

|a;| > r]/2, and |Vx(a;)| < We set 


C(x) := (( e ")“0 <^"((£”ra; + ?r)x((e")“^^), x e := 


(e")“i 


, i 1,..., /c, 


and 

</)^(x) := {{e-r)'^r{{en^^x)x{{sn‘^^x), x G ^l^= 

where ai, a 2 are positive constants which will be determined later. Since (/)f is bounded in we 

may assume, up to a subsequence, 


4^ 4>T weakly in I?^’^(R^), i = 0,1, 2,..., fc. 


Now we claim that 


((i“(x)=0, i = 0,l,...,fc. 


(3.10) 


Firstly we prove (3.10) for i = 1,..., fc. Notice that | Vx((£")“^x) | = (£")“^ Vx(-) < ^ = o(l). 


Thus we have for any tp G Cq 


{{e-ry 


oo/nN\ 


Vx((£”)“^x) (</)”((e")“^x + - V'V0"((£")“^x + C)) = 0(1)- (3.11) 

On the other hand, taking ai = and noticing N > 7, we get: 

^*{fyVe^,\«,e,^{y)W{y))x{y - 


((e")“0 ^ M 


I 2 /I" 


= 0 ( 1 ). 


(3.12) 
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By (3.11), (3.7), (3.6), (3.8), (3.12) and (2.7), we have for any ijj G C'“(IR'^): 


= (v<).”((e")“^x + C")V(x((e")“^a:)^) 

+ Vx((£")“^x) (</)"((£")“^x + Cr) - W"((£")“^x + e))) 

= ((£")“^)^ [ V<^"((£”)“^a; + ?r)V(x((£")“^a;)^)+o(l) 

jQf 

= ((e")“0^ / Vi*(/'(Kn,;,„,5„((£")“^:r + Cr))<^"((e")“^^ + C"))V(x((e")“^^)^) 

Jfi" 

+ ((£")“^)^ [ V/i„((£")“ix + er)V(x((£”)“^a;)^) 

JQ'^ 

+ ((£")“0^ [ Vn;„((£")“^x + ^r)V(x((e”)“^cr)V')+o(l) 

dn" 

= ((e")“^)^ / Vt*(/'(Kn,;,„,5„((£-)“^:r + e))<^"((e")“^^ + 4"))V(x((e")“^^)^) 
•In" 


+ o(l) 

2 -iV r II — 

= ((e")“0 ^ y^V.*(/'(Kn,;,„,5„(y))<^"(y))V(x(y-?rM|;r^))+o(l) 

= ((e")“^)"^ j^/'(K„,,„,j„(y))<),-(y)x(y-C)V’(|^) +0(1) 


+ o(l) 

2 -iV /■ _ f" 

= ((e"r) ^ / /o(c^^".«"(y))<('”(y)x(2/-C")^(^:;r^) + o(i) 

= / /'(C/A^o(x))((£”)“0"^</'”((£")“^^ + C")x((£”)“^:I^)V'(^)+o(l) 

./|(£")“l£!;|< 77/2 

= / /o(C^A,.o(a;))</>r(a;)^(a;)+o(l). 

./r" 

Therefore </>“ is a weak solution of 


(3.13) 


=/o(t^A..o)C in 


(3.14) 


In order to continue we denote ^ := for j = 1,..., A, and . p := . Now we claim 


Ai,0 ■“ aAi 


that 


[ V(l>r{x)V'i>i^,ix)=0, J = 0,1,...,N. 

Jr!^ 


(3.15) 
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In fact 





(3.16) 


/o(C^A».o(:r))((£")“0 ^ <(-”((6”)“^x + C")x((£”)“^^)'I^l^o 


(x) 


'(e'“)-“in 


S2 




Noticing that 




, , w-2 fn 


(e")“l 


(£”)" 


= -(e")“^ / /oK".??(y))r(2/)N)j2/) = o(i)> 

JQ 


then 


(3.16) 


+ 0(1) 




< 


■ (e")“l - (e")“l 


(e")“l 


/o(\.,^(^)) ((^”r) 0”((£”)“^:r)vl/i„_4x- 






,(i) 


<c||<^"ll^ 

" ^ " N-2 


■(e^)-l F(e^)-1 


[/ 5r> (x) 

*)/^ V At*, 


2iV \ AT 

Ar-2 \ 


X 




iV-2 

2N 


= o(l). 

Therefore (3.15) holds. Using this and (3.14) we conclude that (3.10) holds for i = 1,..., fc. 

Now we turn to the proof of (p^ = 0. Setting 02 = we obtain as in (3.13): 

[ V0^VVt= ((£")“^)"^ / /^(Uen,;,„,5„(y))</,"(j;)x(j/)Vt((£”)-“^J/)+o(l) 
dn" Jn 

= ((£")“^)"^ / /' l-J2pUs^,^^{y)+PVMy)] <(t”(y)x(2/)^((£”)-“^2/) + o(l) 

Ay\<v/2 \ / 


= ((£”r)^ 


'\y\<rj/2 


/o(l4>*(y))</>”(j/)x(j/)V'((£”) “"!/) + 0 ( 1 ) 


foiUx-,oix))i{s-r) ^ r{{e-rx)x{{e-rx)y{x)+o{l) 


\{s’'p2x\<Ti/2 

/o(t^I.o)4“V’(a:)+o(l). 


/R^ 
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Therefore </>“ is a weak solution of 


- = foiUxoW, in 


(3.17) 


Similarly to (3.15) there holds 


JR^ 


yct)^{x)V^^{x)=0, for j = 


(3.18) 


where := , for j = 1,... ,N, and := . This shows that 6?!^ = 0 as claimed. 

A,0 9x3 ) j ) ) j A,o aA 

Step 3. We obtain a contradiction. 

First we claim that 

lim f /o(l4n,A'*,{»(y))('/>"(y))^ = 0- 

In fact, (2.6) and (2.7) imply: 


(3.19) 


/o(^e^A».e(2/))(</>”(2/))" = 


's(0.f)uu 


/o -Ec^57.C"(2/) + K~(2/) iriy)f + oa). 


i=i 


Notice that /o(C^A",o) G (K-^) and (3.10) imply 

/ fo I+ ^-"( 2 ^) I ('^”( 2 /))' = / fo{Us?,i?iy)){r{y)f + o{i) 


J\(e")°‘i x\<^ 

= 0 ( 1 ). 


/o(C^A»,o(a;))(C(a;))^ +o(l) 


(3.20) 


Similarly we obtain: 


/ /o ( - E + ^-”(2/) 1 = '’(I)- 


(3.21) 


Now we obtain (3.19) from (3.20) and (3.21). 

On the other hand, (3.7), (3.6), and (3.8) imply: 


[ \yrf = f Vt*(/'(Kn_;,„,^„)0")v0” + [ Vh^vr + [ Vw^vr 

JQ JQ JQ JQ 

Jn Jn fI 

= / /^(K",A",e(2/))(r(y))" + n(l), 

Jn 

which contradicts (3.19) using (3.5). 


□ 


Proposition 3.2. For every rj > 0 there exist eo > 0 and cq > 0 with the following property: for every 
(A, ^) G Orj and for every s G (0,eo) there exists a unique solution G of equation (3.1) 

satisfying 

( N + 2 1+2q: \ 

+ £4 j , (3.22) 

and $e : Orj —>■ { defined by d>e(A,^) := is ■ 
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Proof. As in [4] solving (3.1) is equivalent to finding a fixed point of the operator ^ —>• ^ 

defined by 

Te,xd 4 >) = +<!>)- fo{Ve,xM - K.A,?)- 

We claim that is a contraction mapping. 

First of all, Proposition 3.1, Lemma A.4 and (2.2) imply 

||T.,a. 5(<(-)IU < C||t*(/,(K,A.« +<(.)- /^(14 ,a.«)<(-) - K,A,dU 


< c f 6* |^/.(Pe,A.« + d) - /o(K,A.«)d - E foiUsUi) + /o(K) j ^ 


+ - E MUsu.) + foiV.) - K,A.« 


<ci /,(K,A,5+d)-/^(K,A,5)d- + 

\ \ i=l / 2Ar/(Ar+2) 

^ C'||/e(14,A,^ + 4>) ~ fs(ye,X,^) — /e (^,A.C )d|| 2Ar/(Ar+2) ^\\(fei^e,>^,i) ~ fo(^e,>~,i))4>\\2N/{N+2) 

+ C||A(Pe,A.4)-/o(K.A.c)|| 

2N/{N+2) 

V i=l / 2Ar/(Ar+2) 

k 

+ E ((ao-^)^) • 


2Ar/(Ar+2) 


By using Lemma (A.5) and noticing that 


ll/e(14,A,C + 4 >) - /e(14,A.c) “ /^(Vi.A,^)(/>l|2Af/(Af+2) < C'lldll) 


we deduce 


k k 

N + 2 ' ■r—^ + 2 —, 


||T..A.5(d)IU < Clldllf+ CeUW^ + Ce + 0{a^) + ^ 0(d = ) + E + Oiitxa^)^) 

= cml -1 + Ce\m^ + 0{s^w^) + 0 (£^). 

The remaining argument can be obtained by standard arguments, see e.g. [4]. □ 

Now we consider the reduced functional 

lei\0 = Je{Ve,X,i + de.A,^)- 

Proposition 3.3. Let (A°,^°) with A° = (A°,..., A°,^) and = (^i,^ 2 ) ■ • ■) Cfc) be a critical point of 
/e(A,^). Then there exists a family of solutions to problem (1.1) of the form 

Ue = Fe,A,.J + de,A,{- 
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Proof. It is enough to prove that (3.2) holds. Let dg denote one of d\^, , i = 

j = 1,... ,N. As in [25], equation (3.1) implies: 

dsIsi^iO = •^e(K,A,{ + ^^’£,A,{)(i9s14,A,{ + ds(l>e,\,^) 

k N 

+ ds(l)e,\,i) + Co + ds(j)e,X,i) ■ 

i=l i=0 

Now it remains to prove that Cij = 0 for i = 1,... ,k and j = 0,N, and cq = 0, provided e > 0 is 
small enough. 

If (A,^) is a critical point of Ie{X,^), then 

fc N 

EE Q,, 5«K.a.« + ds<j)e,x,i) + co(F«', a.K.A,? + ds(Pe,x,i) = 0- (3-24) 

i=l j=0 

Observe that 


dx,Ve,x,i = -e^-P'i>l c^Ve,x,i=eT^P-^, d(^^^yV,,x,i = -P^, j = l,...,N. (3.25) 

On the other hand, {P'^^j, 4>s,xy) = 0 for j = 0,1,..., iV, Proposition 3.2 and Lemma A.6 imply 
(F4/^,a.4.A.c) = -idsP^,^g,x,^) = o{\\dsP'i>i\\Me,x,i\\^) = oiWdsPmu) = o{6-^). 


Similarly, 

{P'i>,ds(l)e,xy) = o(||(9sP5'||^) = o(e^CT"^). 

Now Lemma A.l, (3.24) and (3.25) yield 

k N 

o = EE c,,,(F'I/^,%K,a.«) + co(F4/,ayK,A,c) + o(e^a-2) 

j^O 

( k N \ 

EE Cij(F^'^,P«') + 00 (^ 4 -, F^-) +o(£^a-2) 

i=i i=0 / 

= CoCo£^cr“^(l + 0(1)), 

which implies cq = 0. Similar arguments show that Cij = 0 for t = 1,..., fc, j = 0,1,..., A^. 


□ 


3.2 Proofs of Theorems 1.1 and 1.2 

k 

In this part, we consider 14 ,a,{ = — X) + FP^.- The reduced energy is expanded as follows. 

i=l 

Lemma 3.4. For £ —>■ O’*' there holds 


/e(A, e = fli + a 2 £ — a3£“ — a 4 £ln£ + ■i/'(A, ^)e + o{e) 


(3.26) 


-uniformly with respect to (A,^ compact sets of On- The constants are given by ai = ■j^{k + l)>S'g^ , 


02 = 
by 


_ (fc+i) 


^ iV __ 

/jjiv , 03 = 5 'S'o ^ Spo, and 04 = |Ai [/ 2 ^_ y/je function xp is given 


N-2 
1 C 2 


xfiX, 0 = bi{H{0,0)X^ " + ^ F(e., edAf-" + 2 ^ G{^u 0)Ay ‘ A 


N-2 N-2 


N-2 N-2 


-2 ^ Ay )- 62 ln(AiA 2 ...AfcA)^, 

i,3 = 'X,i<3 
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Next Lemma A.8, Lemma A.9 and Lemma A. 10 yield: 

(3-29) = 

p N p M _2 f * N _2 f * 

= -T^ik + l)Sj + -{ - —Ina-/ - ln(di...4)- / C/f.o 

(2 y 2 2 jRiv 2 J^N 

+ f Vi In Vi + A; f Ui qIuUi^q) o^s) 

Jr^ Jr^ 

= -i^(‘ + 1)S? - l„ t'fi ■ 

+ <olnC'i,0 + °(£)- 

^ JB'v 

Arguing similarly to Lemma 6.1 in [25], we deduce from Proposition 3.2, (2.6), (2.7), and Lemma A.5, 
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that 


Je{Ve,X,i + <ke,X,d " Je{Ve,X,d = ^(VK.A,^V^.A,? " M 


K,A,{</)£,A,C > 


2 * - 


—( / IK.A,j + 4,A.d^*-^-IK.A.d"*-^) 

- s Jn 


(3.30) 


= o(e). 

Now (3.27), (3.28), (3.29) and (3.30) imply (3.26). Actually, (3.26)) also holds C^-uniformly with 
respect to (A,^) in compact sets of Or)] see for example [25, Lemma 7.1]. We omit the details here. □ 

Proof of Theorem 1.1. The reduced function from Lemma 3.4 becomes (here k = 1): 


-N-2 


N-2 N-2 


V^(A,e) = 6i(^i7(0,0)A +iL(a,a)Af-" + 2G(?i,0)Ai= A ^ j - 63 In(AiA)—. 

Now the first part is almost the same as the one in [4, Theorem Ij. We therefore omit it here. 

Now we prove the second part. The symmetry assumption (^i) and the principle of symmetric 
criticality (see e.g. [5, Lemma 2.4]) allow us to consider the constrained function of as follows: 


-N-2 


N-2 N-2 


V’(A,t) = 6 i U(0,0)A +/i(t,t)Af-^ + 2g(t,0)Ai= A " - 62 ln(AiA) — 


For t € (a, b) \ {0}, let 
dtp{X,t) 


and 


i9Ai 


d-tp{X,t) 


= {N- 2)61 h{t, t)X"-'^ + g{t, 0)Ai = A 


^ {N-2)b2 


2Ai 


= 0 , 


dX 


■N-3 


^ = (N-2)5iU(0,0)A +g(t,0)Ai= A 


^ {N-2)b2 


= 0 . 
2A 


N-2 
2 — 


1 


Then it is easy to obtain a unique Ai(t) > 0 and a unique A(t) > 0 with 

(Ai(d)- 

and 


h{t,t) + g{t,0){^^)2 26 


(A(d) 


N-2 
2 = 


1 


M0,0) + 5(t,0)(M)^ 26 i' 


Now an easy computation using (3.31) and (3.32) shows that: 


3^d(A,d 


dxi 


and 

'9V(A,d 


Ai=Ai(t),A—A(t) 


= {N-2)bi{{N-3)h{t,t)X"-^ + 


= (N-2)bi{{N-2)h{t,t)X"-^ + 


N-4 


5(t,0)Ai= A 


(3.31) 


(3.32) 


(3.33) 


(3.34) 


, (^- 2)62 


N-2 


N-6 N-2 


g{t,0)X,^ X 


dX^ 


Ai=Ai(t),A=A(t) 


d‘^'lp{X,t) 


i9A9Ai 


Ai=Ai(t),A=A(t) 


/ —Af -4 N — A N^_ N-6 

= (iV-2)6i f (7V-3)/i(0,0)A + ^— 5 ( 6 ,0)Ai = A 

/ —N-4 N — 2 N^_N^ 

= {N-2)biUN-2)h{0,0)X +^—g{t,0)X,^ X ^ 

(AT _ 0^2 N-4 _ N-4 

= ^ ^ 6iff(t,0)A—A ^ . 


2A2 


, {N-2)b2 


2X^ 
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It follows that the Hessian matrix 01 Ai=Ai(t) A=A(i) positively definite and therefore nonde¬ 

generate. 

Now we consider the reduced function 

iy{t) :== b 2 - b 2 \n{Xi{t)X{t)) " = 62 - ^2 in -f 62 in 

where we used (3.31), (3.32), (3.33), and (3.34). Now observe that 

" -^00-’ 

so, using that t* is a (local) minimum of Lp(t) in (a, &)\{0}, then it is also a (local) minimum, and therefore 
a nondegenerate critical point of v{t). □ 


When fl = i?(0,1), we consider the existence of solutions with k + \ bubbles, one positive and k 
negative for k = 2,3. We also show that the idea for /c = 2,3 is not applicable for fc = 4. Notice first 
that the principle of symmetric criticality (see e.g. [5, Lemma 2.4]) allows us to constrain the problem on 
^(2) 

= {x = (xi, X 2 ,0,..., 0) : X G B{0, 1)} and then to place the bubbles at 

e^+l forz= l,...,fc-l. (3.35) 


Here we used complex coordinates in C x {0}. 
For x,y,z € Vl,x ^ y ^ z, let 


ai{x,y) 

Pi{x,y) 

a2{x,y) 

P2{x,y) 

az{x,y,z) 

P3{x,y,z) 


—G{x, 0) -I- ^G'^{x, 0) -I- 4iJ(0,0)(iL(x, x) — G'(x, y)) 

2iL(0,0) ’ 

H{x,x) - G{x,y) + G{x,Q)ai{x,y), 

-2G(x, 0) -f a/4G2(x, 0) -f 4H(0,0)(iJ(x, x) - 2G(x, y)) 

2iL(0,0) ’ 

H{x,x) - 2G{x,y) + G{x,0)a2{x,y), 

-3G(x, 0) -f a/9G2(x, 0) -f 4H(0,0)(iJ(x, x) - 2G(x, y) - G(x, z)) 

2iJ(0,0) 

H{x,x) - 2G{x,y) - G{x,z) + G{x,0)a3{x,y, z). 


Then we have the following lemma. 

Lemma 3.5. Let fl = B{0, 1) and k = 2,3, 4. If (A, f) = (Ai,..., Xk, A, ^i,..., ^fe) is a critical point of 
'if>{X,^) such that (3.35) holds, then 

Ai = ... = Afe. (3.36) 


Moreover we have for k = 2: 

N-2 N-2 N-2 

X = =ai(a,6)Ai^ , Ai = 

for k = 3; 

_ iV-2 N-2 N-2 

X = =a2(5i,6)Ai= , Ai^ 


-c«.,6)> 0 ; 


(3.37) 


(3.38) 
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and for k = 4; 


N-2 N-2 


A ^ =a3(a,6,e3)Ai= , Ai= = 


I33{fl,f.2,f3) 2&1 


5i) - 2G(ei, 6) - 0(6,6) > 0. (3.39) 


Proof. If A: = 2 and (A, f) is a critical point of ^(A, 6 , then the equations = 0, 


imply 


Ar-2 


N-2 n-2 


N-2 _ N-2 ^ 


5Ai 


0 X 2 


if(0,0)A +G(6,0 )Ai= a = +G(6,0)A2= a = 

Z0\ 

i^(6,6)Ar' + G(6,0)Af^A^ -G(6,6)Af^Af^ = 

Ar-2 Ar-2 ^2 


iV-2 


i^( 6 , 6 )A^"-" + G(6,0)A2= A ^ -G( 6 , 6 )Ai= A 2 = = 


2&1' 


(3.40) 

(3.41) 

(3.42) 


Notice that (3.35) yields 


so (3.41) and (3.42) imply 


i?(6,6) = ^^(6,6),G(6,0) = G(6,0), 


( iV-2 N-2 \ / / N-2 N-2 \ iV-2 \ 

A2= -Ai^ ) (^i?(6,6)(A2= +Ai= )+G(6,0)A = j 


= 0 . 


Since i?( 6 , 6 ) > 0, G(6,0) > 0, Ai > 0, A 2 > 0, and A > 0, we obtain Ai = A 2 , and (3.37) follows by 
an easy computation. 

If A: = 3 and (A, 6 is a critical point of ^/>(A, 6 , then 


_j\f_2 N-2 _ N-2 n-2 n- 2 N-2 _ N-2 h 

H{0,0)X +G(6,0)Ai= a = +G(6,0)A2= a = +G(6,0)A3= =^, 

ZOi 

N-2 N-2 N-2 N-2 N-2 N-2 


i^( 6 , 6 )Af-" + G(6,0)Ai^ A = -G( 6 , 6 )Ai= A 2 ^ _G( 6 , 6 )Ai= Ag^ = 


261 


N-2 n-2 


N-2 N-2 


i7(6,6)Ar" + G(6,0)A2= A = -G(6,6 )Ai= A^^ _G(6,6)A2"=’'a3"^'' = 

n-2 _ N-2 ^2 


(3.43) 

(3.44) 

(3.45) 


N-2 N-2 


N-2 N-2 


^( 6 , 6 )a^-" + g( 6 ,o)A 3 ^ a = -g( 6 , 6 )Ai= A 3 ^ _g( 6 , 6 )A 2 ^ A 3 = =^. (3.46) 


The ansatz (3.35) gives 

Hifufi) = i7(6,6) = ^(6,6), g(6,o) = G(6,o) = G(6,o), G(6,6) = g(6,6) = g(6,6)- 

We can see from (3.44) and (3.45) that 

( iV-2 N-2 \ N-2 N-2 _ N-2 N-2 

A2= -Ai= )(i7(6,6)(A2= +Ai= ) + G(6,0)A ^ -G(6,6)A3^ ) = o. 


Assume that 


/ N-2 N-2 \ _ IV -2 N-2 

ff(6,6)(A2^ +Ai= )+G(6,0)A = _G(6,6)A3^ =0. 


(3.47) 


Multiplying this by A^ ^ and combing it with (3.44), we obtain 


N-2 N-2 


-i7(6,6)Ai= A^^ _G( 6 , 6 )Ai^ a. 


N-2 N-2 Ij„ 


26i 


= 0 


which is obviously impossible. Therefore A 2 = Ai, and similarly A 3 = Ai. Finally, (3.38) can be computed 
directly. 
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lik = A and (A, 5) is a critical point of then 


i^( 6 , 6 )A^-" 

The ansatz (3.35) gives 

^( 6 , 6 ) = ^( 6 , 6 ) = 



H(0,0)X^ ^ 

) N-2 N-2 

■+ J2Gi^.,0)X,^ X = 

^2 

+ G(a 7 

N-2 N-2 

, 0 )Ai= A = 

N-2 N-2 

_ 62 
“ 2^’ 





+ g (67 

N-2 n-2 

.0)A2 = a ^ 

N-2 N-2 

-EGfe,e*)A2^ A, = 

_ 62 

“ 2bi ’ 



i^2 


+ G{^3., 

N-2 n-2 

.0)A3 = a ^ 

N-2 N-2 

-EG(^ 3 ,e*)A 3 = \ = 

_ 62 
“ 2^’ 



27^3 


+ G{U 

N-2 N-2 

,0)A4 = a = 

N-2 N-2 

-^G(a,e,)A 4 ^ A, = 

i /4 

^2 


H{^3,^3) = HiU,U), Gi^uO) = G(6,0) = G{^3,0) = G{U,0), 


(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 


and 

G(Cl,6) = G(6,6) = G(e3,e4) = G(e4,a), G(Ci,e3) = G(6,e4). 


Then using the same argument as the one in case k = 3, (3.49) and (3.51) imply Ai = A 3 . Similarly we 
obtain A 2 = A 4 . Substituting this into (3.49) and (3.50), we then get Ai = A 2 . At last, (3.39) follows by 
direct computation. □ 


Proof of Theorem 1.2. For A: = 2, by (3.35) we can assume = —^2 = (t, 0,..., 0), 0 < t < 1. Then 
by (3.36) in Lemma 3.5, the reduced function 'ip(X,t) becomes 

/i(Ai,A,t) = 61 (^h{0,0)x''~^ + 2h{t,t)X^-^ +Ag{t,0)xf^X^ -2g{t,-t)X^-^^ -b2\n{XlX)^ . 

The remaining argument is the same as the one in [6]. 

Now we consider the case fc = 3. As a consequence of (3.35) we may assume = (t,0, ...,0), 
^2 = "^7 0: ■ • ■) 0^, Cs = (“I’ “■^1 0;..., 0^ , 0 < t < 1. Then Lemma 3.5 allows us to consider 

the function 

/2 (Ai, A,t) = h (^H{0,0)X^~^ + 3iL(Ci,ei)Af-' + 6G(ei,0)Af^A^ - 6G(a,6)Af-') 

_ N-2 

-62 In (A? A) = . 


Setting 


and 


71 (t) :=iL(ei,ei)-2G(a,6) = 


+ 


(l-t 2)^-2 (y 3 t)iV -2 (^4+i2 + l)^ 


1 


n(t) := G(a, 0 ) = ^-1 


a direct computation shows that 7 ((t) > 0, 71 (t) —>■ —00 as t —>■ 0+, and 71 (|) > 0. Thus there exists 
t* G ( 0 , ^) such that 

71 (G) = 0 , 7 i(t) > 0 for all t G (t*, 1 ). (3.53) 
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Then for t G {t*, 1) there exist unique X{t) such that 

df2{Xi, A, t) _ i9/2(Ai, A, t) _ 

d\i “ ’ dX 

where Xi{t),X{t) are from (3.38). Moreover, a direct computation shows that 
d‘^f2{Xi{t),X{t),t) 


(3.54) 


dXj 


N-4 , , HN-2)b2 


3(fV-2)5i((iV-3)7i(t)Af-" + ^—ri(t)Ai^ A ^ j+ 


N — 2 W-6 N-2 


d‘^f2{Xi{t),X{t),t) 


3{N - 2)h ( {N - 2)71 (t)Af-^ + ri(t)Ai = A 

{N - 2)h [ {N - 3)HiO, + 3(jV -4) ^i(^)Ai^^^\ ^ {N - 2)^2 

2 / 2A 

— M-A ‘^( N — 9) Ar-2 Ar-6 

(iV-2)5i ( (iV-2)i/(0,0)A + ^ V i(^)Ai^ A = 


ax' 


^^f2{X^{t),Xit),t) 3{N-2)\ 

-- = ^^^in(0Ai A . 

It follows that the Hessian matrix x/ 2 (Ai {t), X{t), t) is positively definite and therefore nondegenerate. 
Then it is enough to consider the function 

J^i(I) :=/2 (Ai(t),A(t),t) = 262 - & 2 ln(Ai(t)A(t)) " . 

As in [ 6 , (3.4)] there holds 


lim vi{t) = —00 and lim viit) = + 00 . 

t — t — 


(3.55) 


Now we prove < 0 for N large. Setting 

a2it) := a2(?i,6) = -Ti{t) + \JTl{t) +7i(t), 

where we used H( 0 , 0 ) = 1 , we obtain 

/ / 1 \ ^y *2 (Al (t), A(t), t) . f (4-\ I o l4-\ \N—2 

=- — -= 36i ( 7 i(t) + 2a2{t)T^{t)) Ai . 

Then by letting 6 i(t) := 7 ((t) + 2a2{t)T'i{t), we need to show n ( 5 ) < 0 for A^ large enough. Since 
< 1 for large we see as in [ 6 , (3.9)] that 

. fi\^ ^ni\ I 47l(2)_/m^ 

^ 1 ( 2 ) — 71 ( 2 ) 4 ” r i1'iH(2)’ 

5'ri ( 2 ) 


A direct computation gives for N large: 


7((4) 

= (iV - 2) (^(1)^-1 ■ 

rm 

= -iN-2)2^-\ 

7i(^) 

(4)A.-2_2(^)iV. 

^( 5 ) 

2N-'. 


”4 i ”4 1)" 


< 


11(^-2)i47V-1 
10 > 


(T6 + 4+J-) ^ ^ 44 (3) 


4\Ar-2 


> 


12 2^-2 ’ 


which yield ii{\) < 0 for A^ large enough. Then we have ti,t 2 G it*, 1), ti ^ t 2 such that J^](ti) = 0, 
^(^ 2 ) = 0 , and we conclude as in [ 6 ]. □ 
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Remark 3.6. a) For k = 3, N = 7, numerical computations show that one cannot find to € (t*, 1) such 
that i^'i(to) = 0. Therefore we can only consider TV large enough in this case. 

b) For k = 4, the idea above also cannot give the existence of solutions with k + 1 bubbles, one 
positive at the origin and k negative. In fact, following the above idea, with the ansatz (3.35) we may 
assume = (t, 0,..., 0), ^2 = (0, t, 0,..., 0), ^3 = (—t, 0,..., 0), and ^4 = (0, —t, ..., 0), 0 < t < 1. As a 
consequence of Lemma 3.5 we need to consider the function 

/3(Ai,A,f) = 6 i fi/(0,0)A +4i/(ei,?i)Af-2 + 8G(ei,0)Ai= A ^ 

-8G(a,6)Af-' - 4G(a,e3)Ar-2) - b2HXtX)^. 

Now let Ti(t) be the same as above and define 


72(T) := i^(Ci,ei)-2G(a,6)-G(a,e3) 


1 


+ 


1 


1 


(^4 + 1)^ (2t)^-2 (t2 + l)JV-2- 

A direct computation shows that 

2t 2 4^3 1 2t 


7^(t) = (iV-2) 


+ 


> 0 . 


Clearly 72 (t) —>■ —00 as t —>■ 0+, and 72 > 0- Then there exists t* € (0, -^) such that 

72 (T*) = 0 , 72(0 >0, VtG(G,l). (3.56) 

Set L 2 {t) := 72(0 + 203 ( 00 ( 0 , where 03(0 := Q;3(0,C2,?3) = (t)+472( d^ prove 

that (- 2 (^ 0 ) = 0 for some to G {t*, 1), then problem (1.1) admits a solution with 5 bubbles, one positive at 
the origin and 4 negative. But the following proposition shows that to does not exist. 

Proposition 3.7. For any t G {t*, 1),N > 7, it always holds that 62 (f) > 0. 

Proof. We first show that t* > where t* is from (3.56). In order to see that we prove 

72 ( ^ 2 ^ ) < 0- Since 2^/5.2( V6 -v^ )2 < 1 < ( V6-V2 )4 j^ave 


1 


> 


(y2.VI^)iV-2 ((VI^)4 + 1)^’ 

On the other hand, it is easy to see that 

1 1 1 


for all N > 7. 


> 


1 


(1_ (V6^)2)JV-2 (y2(^%^))^-2’ (2(^%^))W-2 ((V6^)2 + 1)6V-2’ 

and we conclude 72 ( ^ 2 ^ ) ^ 

Now we prove 62 (f) > 0 for f G (f*, 1) C ( ^~^ ^ 1 ). It is easy to see that for f G there 


holds 


7^(f) > (iV - 2) • 


2f 


(l-f 2 )W-l 


IT> 72 (f) < 


1 


(1 _t2)Ar-2- 
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Then for all t £ {t*, 1) and N > 7: 


^2{t) 2t /I A 1 . , ^ - . 

N-2 - ) iiV-1 I \ 


> __ + _^_1 

- (l_t2)JV-l ^2N-3 ly (l_iJV-2)2 


Setting T := it is enough to prove that 


which is equivalent to 


It is easy to see that 


2 ^ ^ ^ ^ i . j.N-2 -i- 

3 V 9 (l-t^-2)2’ 


(jN _ fN-2^2 ^ ^ 


3T • (1 - t^-2)2 > 3(1 _ i 5)2 ^ ^ if i g [ 1 ^ 4) 


. (1 _ . (1 -1)2 = . r^-2 > > 1 if 1 g [1 1). (3.59) 


Now it is left to prove (3.57) for t £ (t*, . First of all, if t G , then T G . 

Setting 


/(T) := 3T(1 - t^-2)2 = 3r(l - (^)^)2, 


a direct computation shows that 


/'(T) = 1 - 


> 1 - 




Ar-2 Ar-2 

-(i)' -"-( 5 )' T7m 


> 1 - 




where in the second inequality we use the fact that 3 — 3(^) "2 ^ — 3(iV — 2)(i) ^2 ^ — 1=-^ is increasing 


in N. Now we conclude that 


/(T)>3-^^^ ( 1- 


5 \ 2 

V) 


> 1 for all N>7. 


Combining (3.57), (3.58), (3.59), and (3.60), the proof is finished. □ 

Remark 3.8. Let fj, = noe°‘, fio > 0, a > N large enough. For k = 2,3, we can also consider smooth 
bounded domains with the following symmetry condition. 

( 52 ) If {x,x') G n C X ]R'^“2 ffjgjj (e2’^'/^/fc5i^ 2 ;') g ^ ^nd (a?, —x') G fl. 


We assume further that 
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(Ss) The map ipk ■ := {x G : (x, 0) G f2} —>■ R, defined by 

ak-i Ux, 0 ),{e^^'^^'^x, 0 )\ 

^k{x) := -, 

Pkli ((a;, 0 ), (e 2 ’"'/^/'=x, 0 )) 

admits a nondegenerate critical point at G 0*^^^ such that 

^((r,o),(r,o)) -(A:-i)G((r,o),(-r,o)) >o. 

Then for k = 2,3, and using the same methods as in Theorem 1.2, one can show that there exists eo > 0 
such that for any e G (0,eo)) there exists a pair of solutions iug to problem (1.1) satisfying 

where 0), G , and for some rj > 0 small enough, 

rj < 1^“^! < 1 — rj, A®, G (ry, ^). Moreover as £ —>■ 0. 

The question is what kind of domain, besides B(0, 1), satisfies the assumption (S 3 )? 

3.3 Proof of Theorem 1.3 

k 

In this part, we turn to solutions of the form 14 ,a,^ = X) + -PIG- Then the reduced 

i=l 

function in Lemma 3.4 becomes 

( k k 

H{Q, ^ + 2 ^(-l)*-iG(Ci, 0)Af^ A^ 

+2 ^ (-l)*+^-iG(ei,e,)Af^ Xf^ J - 62 ln(AiA 2 ... A^A)^, 

where 61 , &2 are as in Lemma 3.4. 

Proof of Theorem 1.3. Here we have fc = 4. Due to the ansatz (3.35) we may assume = (f, 0,..., 0), 
^2 = ( 0 , t, 0 ,..., 0 ), ^3 = {—t, 0 , 0 ,..., 0 ), ^4 = ( 0 , —t, 0 ,..., 0), 0 < t < 1. It is obvious that 

= P(6,6) = ^(6,6) = H(U,U), G(Ci,0) = G(6,0) = G(e3,0) = G(54,0), 

and 

G(ei,6) = G(6,6) = G(^3,U) = G(54,a), G(ei,6) = 0(^2, U)- 

As in the proof of Lemma 3.5 we have 


Ai — A3, A2 — A4, 


which allows us to consider the function 

/4(Ai, A 2 , A,i) = bi (^iJ(0,0)A'^-" + 21f(a,a)(Af-2 + A^’^) + 4G(ei, 0) (aJ^ - A^^) A 
+8G(6,6)Af^Af^ -2G(?i,6)Af-"-2G(a,e3)A^-") -52ln(A^2A) 


N-2 

2 


N-2 

2 
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Now suppose V 


Ai,A2,a/4(^i^^ 2, A,^) = 0. Then we have 


iV_2 


N-2 N-2 _ N-2 


H{0,0)X +2G(Ci,0)(Ai = -A2= )A 


N-2 N-2 


(//(a,?i)-G(ei,6))Af-" + G(ei,0)Ai= A = +2G(a,6)Ai^ A. 


N-2 N-2 

2 _ 


N-2 N-2 


N-2 N-2 


(i7(a,?i)-G(ei,e3))Ar -G(ei,0)A2= A = +2G(a,6)Ai^ A' 
From (3.62) and (3.63) we deduce 

xf^ - 


^2 

2&i’ 

^2 

^2 

2bi' 


which combined with (3.61) implies: 


-^N-2 

A = 


N-2 N-2 


As a consequence of (3.64) we get 

Af + A^"2 - 2Ai~ A2~ = 
and then (3.62) and (3.63) yield: 

N-2 N-2 

Ai= A2= = 

and 

Af-2 + x^-^ = 


^^(Ci,a)-G(a,6)' 
g(a,ei)-Gfe,6) 

i^(Ci,5i)-G(a,6)-2G2(a,o) 26r 

G(a,o) 


^^(6,ei)-G(ei,6) 


1 


-N-2 


1 


i?(a,a)-G(a,6) + 2G(a,6) 261 

G(5i,0) 


i?(a,a)-G(a,6) + 2G(a,6) v^(6,ei)-G(a,6) 

Let Ti(t) be as above, and set 

1 1 1 


-N-2 


and 


73 (t) := i?(a,a)-G(Ci,e 3 ) = 


74(0 := G(a,6) = 


(l_t2)Ar-2 (2t)Af-2 (i2 + l)Ar-2 

1 1 


(720^-2 (t4 + l)^- 

A direct computation shows that Y^it) > 0, 73 ( 1 ) —>■ —00 as t ^ 0+, jsit) —>■ +00 as t - 
73 ( 5 ) > 0. Thus there exists tl G (0, ^) such that 

73 (^ 1 ) = 0) 73 (t) < 0 for alH G (0,1);). 

On the other hand, ( 73 ( 1 ) — 2T2(t))' > 0, 73 ( 1 ) — 2Tf(t) —>• —00 as t —>■ 0+, 73 ( 1 ) — 2rf(t) 
t —>■ 1“, and 73 ( 5 ) — 2x2(1) < 0. Thus there exists G ( 5 ,1) such that 

73 ( 12 ) - 2Tf (^ 2 ) = 0, 73 ( 1 ) - 2ti (1) > 0 for all t G (l^, !)• 

It follows that for every t G (0,1*) U (I 2 ,1) there exist unique Ai(l), A 2 (l), A(l) such that 

W„A,.A/4(Al(i),A2(l),A(l),l)=0, 


(3.61) 

(3.62) 

(3.63) 

(3.64) 

(3.65) 


(3.66) 

(3.67) 


1 , and 

+00 as 
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where X 2 {t), X{t) satisfy (3.64), (3.65), (3.66) and (3.67). Moreover, a direct computation using 

(3.61), (3.62), and (3.63) shows that 


'9V4(Ai, A 2 , a, i) ^ _ 2)^^ (2{N- 3)73(t)Af-^ + {N - 4)ti( t)Aj"^" A' 


dXj 


{N-2)b2 


+2(lV-4)74(t)Ai=' A 2 =' ) + 


A? 


N-6 N-2 


N-6 N-2 


= (A^-2)"&i 273(t)Af-4 + Ti(t)Ai^ A = +274(t)Ai= A 2 


d‘^U{Xi,X2,X,t)_ ^ f2(lV-3)73(t)A^"'‘- (lV-4)Ti(t)A2''""A'^=' 


aAi 


E^ E^\ {N-2)b2 


+2(lV-4)74(t)Ai=’ A 2 ^' ) + 


A 2 


N-6 N-2 


N-2 N-6 


= (A^-2)"&i 273(t)A"-4-Ti(t)A2^ A = +274(t)Ai= A 2 ' 


A 2 , A, t) 


rAf-4 


N-2 N-2 N-6 


_2 = (Af - 2)61 (iV - 3)i7(0,0)A +(lV-4)ri(t)(Ai = - A 2 MA 

dX 


[N - 2)62 


2 A^ 


.^N-4 


N-2 N-2 N-6 


= {N-2ybi{H{0,0)X +ri(t)(Ai^ - A 2 MA' 


^^/4(Ai, A 2 , X,t) 
dXdXi 

^^/4(Ai, A 2 , A, t) 
8 X 8 X 2 

^^/ 4 (Ai, A 2 , A,t) 
9 Ai9A2 

For simplicity, we introduce the notation 


N — A N — A 


= (iV-2)"5iTi(t)Ai= A = , 


N —A _ N—A 


= _(iV- 2)^61 Ti(t)A 2 = A = , 


N-A N-A 


= 2(7V-2)^&i74(t)Ai " A 2 


_ N-2 N-2 N-2 

X — X ^ , r := Ai " , Z := A2 " . 


In order to show that the Hessian matrix ^/ 4 (Ai, A 2 , A, t) is nondegenerate for any t € (0, t 4 )U(t 2 ,1), 

it suffices to show that the matrix 

X + Tl{t){Y-Z) Tl(t)Y^XT^ -Tl{t)ZT^XT^ \ 

Ti{t)Y^XT^ 2-/3(t)Y + Ti{t)X + 2-/i{t)Z 2-/i(t)Y^ZT^ 

-Ti{t)Z^XT^ 2j4{t)YT^Z^ 2j3{t)Z - Ti{t)X+ 2'y4{t)Y j 

is nondegenerate. Using (3.61), (3.62) and (3.63) this is equivalent to show that the matrix 

T + i§:'X Tl{t)YT^XTr^ -Tl{t)ZT^XT^ \ 

Ti(<)y^x^ 73(t)r + ^ • Y 274(t)r^z^ 

V -ri(t)Z^X^ 274(t)y^Z^ J 

is nondegenerate. A direct computation, using (3.66), shows that the determinant of the above matrix 
has the same sign as 73 (t), and hence is nondegenerate. 
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Now in order to finish the proof, we look for to G such that ^' 2 (to) = 0, where 

Mt) :=/4(Ai(t), A2(t), A(t),t). 


Observe that 


^2(t) = 


a/4(Ai(t),A2(t), A(t),t) 


= 26 i (Af-2 + A^-2) + 2T{(t) (a^"' - a"='' + 47'(t)A^’' A^"" j 

where Ai,A 2 ,A satisfy (3.64), (3.65), (3.66) and (3.67). Therefore, = 0 for t G (0,tj) is equivalent 
to 

o(^) := 73 (^)(273(t)(73(0 - 2 rf (t)) + rf (t)( 73 (t) + 274(t))) - 2 T((t)ri(t) 73 (t)( 73 (<) + 274(t)) 

+ 474 ( 073 (t) (73(0 - 2 rf (t)) 

= 0 . 

It is easy to check that L 3 {t) —>■ —oo as t —>■ 0+ and i 3 (t*) > 0 since 73 (^ 4 ) > 0, 74 (^ 4 ) > 0 and 73 (^ 4 ) = 0. 
Hence there exists to £ (0,tj) such that 13 (^ 0 ) = 0, which finishes the proof. □ 

Remark 3.9. It seems that there also should exist to G (^ 21 1) such that io{to) = 0. This is not considered 
here because the computations get enormous. 

4 Solutions with tower of bubbles concentrating at the origin 

In this section we prove Theorem 1.4 where a = 1. We use the same notations in similar settings as 
Section 3. 


4.1 The finite dimensional reduction 

We fix an integer fc > 0. For A = (A 4 ,..., Afe, A) G we set 6i = XiS~^^, for i = 1,..., fc, and 

consider C = (Cij • ■ •) Cfc) G such that 

e = (a,---,a) = (^iCi,---,4a)GF!". 

_ 2(fc + l)-l 

We also set a = As . Now we define for 7 G (0,1): 

0^ = |(A,C)gM5+1x(M^)'=:A, G(7,??-'), Ag( 7?,7-'), IOI < A z = l,...,A:|. 

We also recall the sets and the projections Hg^A.^, Ile'jA 4 iu Section 3. Now we 

want to find 77 > 0 ,£ > 0, (A, Q G and G { ®uch that: 

ni;A.4 (V.A.C + </>e,A.4 - i*(/e(VA.C + ^e.A.c))) = 0, (4.1) 

n^.A.S (V.A.C + </>e,A.4 - t*(/e(V.A.C + </>e.A.«))) = 0, (4.2) 


where 
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Next we take p > 0 small enough and let 

Afc+i := B{0, V4+i4), A, := B(0, \ 5(0, ^SA+i) for z = 1,..., k; (4.4) 

2 

here Jq = i5fc+i = cr; cf. [25]. Finally recall the operator from Section 3. 

Now we first solve (4.1). 

Proposition 4.1. For any rj > 0, there exist eo > 0 and c > 0 such that for every (A, C) G Orj, and for 
every e G (0, £o).' 

\\Le,\,i{(t>)\\n>4(t^\\n for all (j) e (4.5) 

Consequently, is invertible with continuous inverse. 

Proof. Arguing by contradiction, we assume that there exist p > 0, sequences £” > 0, (A”,^”) G O,,, 
(/>" G H^{n) with e” —>• 0, A” —>■ Ai, a" —>■ A, C*" —^ Cg as n —>■ oo and such that 

I|0”IU = 1, (4-6) 


(</.") = /i" with ^0; (4.7) 

here A" = (A?,..., A^,!”), C” = (Cr,---,Cr)> = (W, ^2 C 2 ”, ■ • ■, ) G = 

2i-i —n 2(fc+i)-i 

for i = 1, 2,..., = a £: ^-2 . We need the sets 


Gl^+i := B (0 




, Ar :=i?(0,v/3f7|r7)\B(0,A/3f^), *=l,2,...,/c, 


where := (t" 


Thus we have: 


- (/o(K^A^e)</>”) = h^- ne^A".«" (6*(/o(4".".A^e)<^")) • 


Then we obtain as in Proposition 3.1 

k N 

w- := -n,„,A^ 4 »(i*(/^(K».An.e)<^")) = + 

i=l j=0 

for some coefficients c"^, Cq , where ('l'^)n, j = 1 ,..., A^, (4'°)„, and (4')„ are defined as in the proof of 
Proposition 3.1. 

Step 1. We claim that 

lim llu;” 11^ = 0. (4.9) 

n—>-oo 

Multiplying (4.8) by AP('I'(*)„ + > using Lemma B.l, Lemma A.2, Lemma B.2, and arguing as 

in the proof of Proposition 3.1, we deduce c”^ —>■ 0, for ^ = 1,..., fc, /i = 0,1,..., iV, and Cg —>■ 0, as 
n —>■ oo. The claim lim ||rc”|L = 0 follows. 

n—^oo 

Step 2. As in [25], we use cut-off functions x”,i = l,...,fc-|-l, with the properties 
f X7ix) = 1 if xAr^f+i < |a:| < A/AAfl; 


X”(x)=0 if |x| < or |x| > 2 yAAE; 

|Vxr(x)l < and|v^xr(x)l < 
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for i = 1,..., fc, and 


Xfc+i(a;) = l, 

< X^i(3^)=0, if |x| > 

|Vx^+i(x)| < and \V^xl+i{x)\ < 

V"fc+iafc °k+l°i 


The function </>" defined by 

C(2/) := (<5r)"^<^”(^r2/)xr(^r2/), for y G = l, ...,* + l. 

is bounded in Therefore we may assume, up to a subsequence, 

^ (j>f weakly in i= 1, 2 ,..., A: + 1. 


Now we prove 


(/)“ =0 for A = 1 ,..., fc + 1. 


(4.10) 


As in Proposition 3.1, using (4.8), (4.7), (4.9), we have for any ip G C'“(]R'^), and for A = 1,..., fc: 

v<^r(y)vV'(y) = (^D^ ^ VP (/^(fo.^A^e(^))</>”(^)) v (x”(a:)^ (l^)) 

= (<5r)^ / /aK^.A'‘.?»(x))</>”(^)x”(x)^f|r)+o(i) 

Jn VOi / 

= (<5r)^ / /o (K-..An.5.(5r2/)) C(2/)V'(2/) + 0 ( 1 ) 

= / /o (t^i.Ci(y))<)’r( 2 /)V'(y)+ o(i). 

Jb« 

Hence (()“ is a weak solution of 


-A^r =/o(C^i.C.)0r, in7?i’2(R^). 

Setting dt-j := for j = 1, ■ ■ ■, A^, and 4'^ := |j^i we obtain as in [25, Lemma 3.1]: 

f V(/)r(x)V4/j (x)=0, j =0,1,2,...,A, *=l,2,...,fc. 

JB'v 

Then (4.10) holds for i = 1,..., fc. The proof of = 0 is similar. 

Step 3. A contradiction arises as in Proposition 3.1 and [24]. 


□ 


Proposition 4.2. For any rj > 0, there exist £o > 0, cq > 0 sueh that for every (A, (f) G and every 
s G (0,eo), there exists a unique solution 4>e,\,i G of equation (4.1). Moreover, we have 


7V4-2 2fc-l-3 

H^e.A.dU < Co(e^^^ +S—), 


(4.11) 


and the map : On —>■ K^x j defined by $e(A,^) := is of class . 

Proof. As in [4], we define the operator Pe.A.f : ^i^x ^ 

T..A.5(d) = Tdi?n^A, 5 d*(/.(K,A.« + d) - /o(foe,A.«)d) 


K,A, 5 ). 
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Now we prove that is a contraction mapping. Proposition 4.1, (2.2) and Lemma B.3 imply as in 

(3.23): 


|T'£.A.c(</>)IU < C'||/£(14,a,{ + </>) — fe{ys,\,i) — fe(ye,\,i)<l>\\2N/(N+2) 
+ C'II(/£(^£,A,4) - fo{ye,\,i))4'\\2N/{N+2) 

+ C\\fs{Ve,\,i) — fo{Vs,\,i)\\ 2 N/{N+ 2 ) 


c 


/o(K.a.«) - + (-l)Vo(K) 


2Af/(Af+2) 


+ '^ 0 {tiSi) + 0 


2=1 


Using Lemma (B.4) and observing that 


||/e(^£,A,e + </»)- /e(K,A,e) “ fe{^e,X,^)(l^\\2N/{N-\-2) < C\\(j)\\ 




we have 

fc ^ 

||r,,A. 5 (</>)IU < CUf;-^ + Cs\m^ +Ce + 0 (s^) + OifiS.) + o ' 

= cur;-^ + CsUW^ + O (e^) + O (e^) . 

The remaining part of the argument is standard. 

For A = (Ai,..., Afc, A) and C = (Ci,..., Cfc) we now consider the reduced functional 


□ 


C) — A(V,A,{ + 

Proposition 4.3. //(A°,(C°) is a critical point of then there exists a family of solutions Ug to problem 
(1.1) having the shape 

Ue{x) = 14,A,{ + 4£,A.{, (4.12) 

where 14,a,^ is the one stated in (4-3). 

Proof. We omit the proof because it is similarly to the one of Proposition 3.3. □ 


4.2 Proof of Theorem 1.4 

For convenience, we use the notation Afc+i := A in this subsection. 

Lemma 4.4. For e —>■ O’*', there holds 

/e(A,C) = ai + 026 - aselne + ^p{X,()£ + o{e) (4-13) 

-uniformly with respect to (A, C) in compact sets of On- The constants are given by ai = , 

0,2 = /rn C^i,o 111 ^ 1,0 — '^^^0 ~ 5 'S'o ^ 'S’MO; ond 03 = /r" Uo- function is given by 

fc X fc 

i/’('^) C) = ^ + U ^ 2 ( ^ ^i(Ci) ~ L/^ 3 ^ 2 ( 4 ) ~ ^4 ln(Ai... Afc+i) 2 , 

.-I 
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with b\ 2^0 ^1,0 ^ ; ^3 2^o/^Oj ^4 2* SrI'^ ^1,0? duh 

1 , r 1 


/ii(G) = [ 
Jr 


R" |2/ + Cir"^(l + ’ 


/i2(Ci)= [ 
Jr 


R- |y + GP(i + |yPr-^' 


Proof. Observe that 


^e(K.A,c) = 


IV7T^ |2 ,, I 

|V14^A,{| M I 12 


2 * 




2* - e 


lK.A,d 


2*-e 


For fc > 1 Lemma B.5 and Lemma A.10 yield 

1 K N _ 1 

(4.14) = -{k + 1)^0= - -^0 ^ S^^oe - -C^ H(0,0)Af 


N-2 


(l + |zP)^ 


• e 


~ oYl ^oC, 


1 


i=l 


/r« 


l2/P(i + |y-CiP) 


2\N-2 


^2* f ■^fc+1 \ ^ f _ 

° \ Afc / JrN (1 _|_ \y\ 


(1 + |2/P)^ (1 + I4|2)^ 


fc-1 




. /A 


^i+1 


4 ^ (1 + (1 + 


3(e). 


From Lemma B.6 and Lemma A. 10 we deduce: 


1 J1 N — 2 ^-2 _ * AT O 

(4.15) = --{k + 1)^0= + = Sfxos + H{0,0)X^-^ 


(l + |zP)^ 


+ ^^o^‘E 


k 


+ cf Y.( 


Aj+i 

Ai + l ' iV-2 


1 


/r'v |y|^-2(l + \y- Cip) 2 
1 1 




A* 


(l + lyP)^ (1 + ldP)^ 


— •e + o(e). 


By Lemma B.7 and Lemma A. 10, 


(A: + l)e f 2 * 


2 • 2 * 


'R'V 


Ufg ■ ln((5i . ..Skcr) 


( 2 *) 


(k + l? 

2 • 2 * 


[ [/ioln[/i,o+ o(e) 

JRN 

c/i 0 • ln(Ai... AfcA) 

C/i olnC/i.o • e + o(e). 


" (t + 1)S» - 


2 • 2 * 


Ir^ 


L^l Q * £ In £ “h 


(fc+1) 


/R«‘ 


Using Proposition 4.2, (2.6), (2.7)), Lemma B.4, we get: 

Je{Ve,X,i + 4’e,X,i) ~ <A(14,A,{) = o(e). 
Now we conclude the proof for A: > 1 by (4.14), (4.15),(4.16), and (4.17). 


(4.14) 

(4.15) 

(4.16) 


(4.17) 
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The case k = 0 can be easily dealt with using (A.27), (A.47) and (4.17). Observe here that (4.13) 
holds C'^-uniformly with respect to (A, C) in compact sets of Or)] see [25, Lemma 7.1]. □ 

Proof of Theorem 1.4. By the change of variables 

N-2 

Ai " =si, 


= S2, •■•, 


/ Afc+1 \ 

1 Afc J 


— ^k-\-l 5 


'!/'(A, C) can be rewritten as 

k k 

^(s,C) = +'^b2Si+ihi{Q) - ^&3ft-2(G) - b4ln{s'l+^S2...Sk+i), 
where s = (si, S 2 ,..., Sfc+i). 

Suppose = 0 for i = 1,k + 1, and let s(() = (si(C),. ■., Sfc+i(C)) be the corresponding 

critical point. Then 


5l = 


(A:+ 1)64 ^ kb^ ^ &4 

^2 7 _ 7 _ //- \ 5 • • ■ 1 + l 


2&1 ’ 62/11 (Cl)’ b^h^iCk)'' 

and it is easy to show that s(C) is non-degenerate. Plugging these into ^(s, C) gives 

(/c + 1)^64 j, i, f/- \ j, + (/s + 1)64 

V'(s(C), C) =- g - 2 ^ bzh 2 {C,i) - 64 (^— In —— - 


k k 

+ ^ i In ^) + ^ 64 (fc -I- 1 — t) ln/ii(Ci) 


(4.18) 


where 


and 


Cr = 


— Cl + ^2 9iiCi)j 


ik + l)%4 , (k + 1, ik + l)b4 


-64 


In- 


164 


26i 


E->»w 


2=1 


9 iiCi) = b 4 {k + 1 - t)ln / 

Jw 


]V + 2 63 


/R-f^ 


/R" |y+ C*l^"^(i + \y?) 

A direct computation shows that Ci = 0 is a critical point of giiC^i) such that 

5^5i(Ci) 


\y + m^ + \y\^)^-^' 


dCfdC, 


■lci=o = 0 if j 


and 


d^g,{Q). 2N-8 

■|Ci=o - 


> 0 . 


5(^.)2 N 7r- |y|4(l + |yP)^-2 

Consequently Ci = 0 is a nondegenerate local minimum of gi, hence C = 0 is a -stable critical point of 
^(s(C),C)- In particular, small C^-perturbations of ^(s(C),C) still have a critical point, close to 0 . Thus 
we conclude the proof. □ 
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32 



A Appendix 


In this part, we give the lemmas used in Section 3. 

Take 0 < rj < min{|^j|,dist(^i, dft), — ^* 2 1;*i )*2 = 1,2,... ,k}. Similarly to Lemma A.5 in [25], 
we obtain the following. 


Lemma A.l. For i,l = 1,2,... ,k, and j,h = 0,1,..., N, it holds 

(pW,p^) = co4 + o(4); A-i) 

(P^,P^) = o(^)(ando(l)); (A.2) 

{P^,P^) = Ci.,^ + o(^); (A.3) 

= o{-^)iand o{^)) if i ^ I or j ^ h, (A.4) 

where cq > 0 ,Cij > 0 are constants. 


Proof. We only prove (A.l) and (A.2) as j = 0. (A.2) as j 0 is similar. (A.3) and (A.4) are from 
Lemma A.5 in [25]. 

To prove (A.l), noticing that is an eigenfunction to (2.3) with A = 2* — 1, by Proposition (2.2), we 
have 


(P4',P4')= / jVPd'p-^ 


IP^-I' 


_ _ ^-P^- (P4r - 4r)P4' 

VWPvk-M^- / 


—2 




= (2* - 1) / Vj - (2* - 1) / Vj -^4'(4' - P^-) - ^ 


= (2*-l) / - 2 ^ 

JQ 

(N^ - 4)C2‘ f 


(iv2 - 4)c'; 


f _V-4 

/q (a^ja;]^! + |a;|^2)2 (cr^lxj^i + \x\h‘^)^ 

f 1 i\y\^^ — ri-1 V? 

' + 0{a 2 ) {x = a vF-(i y) 


^ a2 (jyjA + \y\h-Y+^ 


(iV2-4)C2‘ r 1 (|y|/32 _ |y|/3i)2 


0-2 (|y|/3i + |y|/32)2+Ar +'^( 0 - 2 ) 


~ 1 A ^ 

= Co^+o( —), 


33 



for a positive constant cq. Similarly, 




. p-q/O 




qipqjo (pqj _ 


= (2*-l) / —) 

Jo, 

= c,c^;-\ 2 *-i) j 

Jq 


N — 2 N-4 {\x\^^ — a'^\x\^^) 
-a ” 


n (cr2|a;|/5i + |a;|/52)2 2 (CT2|a;|/5i + |a;|/52)f 


= o(^)(and o(^)). 


Lemma A.2. For i = 1,2,... ,k, and j = 0,1,... ,N, it holds 

Oisf^) if j = 1,2,..., N, 


WP'l'j - '1>1\\2N/(N-2) - ^ 

0(6, " ) if j = 0] 
||P'I'— d>||2Ar/(Ar_2) = 0{a = ). 


□ 


(A.5) 


(A.6) 


Proof. (A.5) can be proved as Lemma B.4 in [24]. (A.6) can be obtained similarly by using Proposition 
2 . 2 . □ 


Lemma A.3. 




(A.7) 


2=1 


N-2 ^ 

0 {a^)+EO{S, = ) 


^/ h = l,2,...,N, 


< 


2=1 


0(cr 2 ) + E 0 {Si " ) + 0 {6i " ) if h = 0-, 

2=1,2^Z 


2=1 

k 

< 0(a^)+EO(5* ^ )• 


(A.8) 
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Proof. We only prove (A.7). 


/c 

i=l 

k 


/s(0,J)U U B{^,,^) ^ 

i=i,i^i 


2=1 

k 


/a\(B(o,J)U U 

i=l 


!(/'(- + PV^) - 


2=1 


First of all, by (2.4), (2.7), 



k 

l(/o(-E^t^5..«. +^K) - 

2=1 


< 


r N(N-9^ A^(A^-2) 

/ I(/o(^C^5o6)-/o(t^^o6))'!'/"E 0(5, ) 




N(N-2) ^ N(N-2) 

< 0(a^+^)+E0(5, ). 


For i I, we have 


k 

JBiii,^) t-( 


k 

f mPUs,,iJ + Oia^)+ E 0(5f^) + 0(5?))vI/fp'^/('^+") 


i=i j'/hi/* 


N(N-2) 
N+2 ' 


o{s; 

N(N-4) 

0(5,”^^) 


if h= l,2,...,iV, 
if h = 0. 


At last, 


< 


/n\B(o.a) u 

i = l 

A^(A^-2) fe 4N 

0(5,-^)(0(a^)+EO(5f^)) if /i = l,2,...,iV, 
2=1 


A^(A^- 4 ) /C 4 iV 

0(5, )(0((T^)+EO(5f+=)) if /i = 0. 


k 

E 

i=l 


Then (A.7) follows. 


□ 


Lemma A.4. 


k k 

Ki-'EfoiUsu.) + MV.)) - K.A.dU ^T.MM) + o((Ma^)5). (A.9) 

2=1 2=1 
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Proof. By Definition (2.1), there holds 


Vr*(/o(D.))V(r*(/o(K)) - PV.) - [ 

< Jq 


foiV.WifoiV.)) - PV,). 


i*(/o(K))(t*(/o(K))-PV;) 


(A.IO) 


It also has 


-AFK = -ad, = + fo{Va) in D, 


PD, = 0 


on dfl. 


f VPD,V(D(/o(D,))-PD,)-m f 
JQ Jo. 


/o(K)(^*(/o(K))-PK). 


V,(P(/o(K))-PK) 


Combining with (A.IO) and (A.11) it holds 


/ |V(D(/o(D,))-PD,)|2=^ [ 
Jfl Jfl 


(D(/o(D,))-D,)(D(/o(D,))-PD, 


By (2.4), 


||P(/o(K))-PC,t = (A. / 

Jn 


Similarly to (A.IO), (A.11), we also have 


[ VP(/o(P5,.5J)V(P(/o(P5„cJ) -PP^^.cJ 

Jn 

f i*(/o(P5..«J)(P(/o(P5..«J) 

[ fo{UsuM^*{fo{UsuJ) - PUsUi) 

JQ 


(A.ll) 


(A.12) 


|(4^.-P4^.)(P(/o(K))-PC,)|^. ^ 0((,a-^^)^). (A.13) 


(A.14) 


f VPUsuyiPiMUs^i,)) - PUsuJ = f MUs„^,){P{MUs,,^,)) - PUsu^). (A.15) 

JQ JQ 


\^iP{foiUs,.u)) - PUs,,u)f = ^^ 


i*(/o(Pi.,?J)(P(/o(P5..«J) - PUsu.) 


(A.16) 


Therefore, by Holder’s inequality and Hardy’s inequality, 

urr. ,1 _ f PUs^.i^ - PUs.,,.) 


\\PifoiUsu.))-PUsuX = ( m / 

Jn 


< (^( /• iPUsu,)" ^h^f iPifoiUsu.))-PUs.,i.)\ k,i 

Jn |a^P Jn P 

< c{^,s.KiMUsu.))-PUsMU)K 


which implies 


\\PifoiUsu.))-PUs,,^^\>^<Oi^^S,). 


(A.17) 


Hence, (A.9) follows from (A.13) and (A.17). 
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Lemma A.5. 


II/o(^£.a,5 


(/^(K.a.c) - /o(K,A,{))</> |2Ar/(Ar+2) 

= CeUh; 

(A.18) 

|/e(14.A.c) — /o(hi,A,4) |2Ar/(Ar+2) 

= Ce; 

(A.19) 

k 

- (- E foiUSi,ii) + /o(Ct)) |2Ar/(Af+2) 

k 

= 0(a^) + ^0(5, = ). 

(A.20) 


i=l 2=1 


Proof. (A. 18) and (A. 19) can be seen in [4]. 

By (2.6), (2.7), 

/c 

•^S(O.f) 

L 

r ^ 7V + 2 

<C{ |(PK)^*”^ - V;2*-1|2^^/(^+2))(^+2)/2W +y^O((5~) 

•^S(O.f) 

k 

< Ca^if |(K)2*-2|2W/(W+2))(JV+2)/2iV^yO(^^^) 
-'S(O.I) 
k 

= 0{a^) + Y.O{5^ ' )- 


k 

( f l/o(^..A.«) - + f^(^V^))\m(N+ 2 )^iN+ 2 )/ 2 N 

JBiiui) 7^1 

k 

< C{[ |(PC/5, 5j2*-l_[;2*-l|2Ar/(Ar+2))(iV+2)/2iV_^(^(^i^^)^ ^ 0(S~^) 

k 

= 0(a^) + ^0(5, = ), 

2=1 


M(s( 0 ,f) u S(«i.f)) “t 

i = l 


= 0{c 


k 

E 


o(<5; 


then we deduce (A.20). 


□ 


Lemma A.6. For i = 1,2,... ,k, there hold 


Wdx^P^Wr 

= 0(6^6-^), j = 1,2,..., N; 

(A.21) 

Wdic.yP'fiWr 

= 0{d-^), j = l,2,...,N; 

(A.22) 

Wdi^.yPnir 

= 0{S-^), j,1 = 1,2,...,N,j^l; 

(A.23) 

Wdx.P'fX 

= 0(£^5-2); 

(A.24) 


= 0{S-^), j = 1,2,..., N; 

(A.25) 


= OisT^a-"^). 

(A.26) 
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Proof. We only prove (A. 21) and (A. 26) here. 

\\dx,Pm\l = s^Wds^P'^iWl 

< CeT^ [ VdsMvds.P'S^, 


= J {{ 2 *- 1 ){ 2 *-l)uf^ -^ds,^l)ds,P-^l 

= 0 {s^S-*), 


then (A.21) is obtained. 

||9jP¥||J = e^-lld,pmi 


^ .A / 

JQ fI fI 

= £^{[ {{2*-l){2*-2)Vf-^{W + i‘^*-^)Vf~^d„'^)daP'^ + o{l)) 
Jn 

= 0(e^CT"‘‘), 


which yields (A.26). 
Lemma A.7. As ^ ^ 0"^, 


/ |VPKp-/xl 
Jn 


(A.27) 


= Si? -CoCl'-^H{ 0 , 0 )a^ 


/ ,1 I, I + 0 {f,a^-^) + 0 {a^y, 

/B'V (|z|A + |z|^2)t- 


VPV^VPUsUi - M 


PVaPUsUi 


(A.28) 


-,2*_1 f G(^i,0) 


= CnCf, "V—A' 


/r'V (|z|^i + |2:|^2) 2 


AT —2 N — 2 N — 2 N — 2 

^ + 0{na — 5i^ ) + o{a — 5i^ ); 


\PU,..,.P _ Cjif r _^_ 

la F '^l&P V (i + IF)"-' 


;.Cil ,,>-0 0* 

12 “^IC.|2 


PU?i C PUx C Ar-2 N-2 

= 0(^—5;^); 


(A.29) 


(A.30) 


\^pp8uX = si -ct miiiiw: 


/ - ^+o(C ); 

/R'^ (1 + |2p) 2 


(A.31) 


^PUsuyPU5,,^,=C^ Gi^i,Q6, = A' 


/R" (1 + |z|2)^- 


where i,j = 1,2,... ,k,i ^ j- 


Proof. The proofs of (A.31) and (A.32) are from [2]. We prove the remaining. 
(1). Proof of (A.27). 

Integration by parts yields 

/■,wow,2 „|PKP 


f f {-AV,)PV,-^i^- 

Jq Fr Jn 




v;PK - |pi4|2 




'P<t(14 - </5<t) 


/n Fl 
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As (B.19) in [2], to continue, let us first show the following. 


Jn 


(A.33) 


/B(0.2) 


V^'-^H{0,x) + O{a^) 


= Hi0,0) yf-i+0(a—) 

iB(0 2) 

(expanding H{0,x) near a; = 0) 


= H{ 0 , 0 )Cl 


/ 0-2 N+2 

/ r 21 IS-1 i.T ',w+2 + 0(cr 2 ) 

'B(o,|) (cr^IxlPi + 2 


= ^^(0,0)C2 


/ 7 -;^- , + 0 ( 0 - = ) vw^x = z) 

'b(o,|-o- (|z|pi + |z|p2) 2 


= i/(0,0)C2-V^ 


/ i Ar+2 

/ 7i m I I ^^+2 ^ )■ 

/ r " + \z\P'^) 2 


So, by using (2.6), 


= CoC2 -ii/(0,0)a- 


\/^(v^+\/M-m) 


V (|z|/5i + |z|/32)^ 


(A.34) 


\/^(v^+v7t —m) ^ 




= CoC2*-ii/(0,0)a'^-2 [ 

JR 


On the other hand, since 


d'/^ ^{x)H{0,x) 


ITTa —)+C’(^ )• 

RN (l^l^l + \z\P‘^) 2 


'((T2|x|ft +|x|/ 32)^ |2,|vdl+vdl=7^' 


< C ! 1 |a;|v^+v^-(u2|a;|A + |a;|fe)^ 

Jb{0,<t ) |2;p ((t2|2;|^i -(- |a;|/32)-^^ 

f _ 1 |x|v^+v^-(u 2 |^|A + |^|/32)^ 

Jn\B{o,(T vTi-M) | 2 ;p (cr^lxl^i + |a;|^ 2 )— 5 —Ixlvd^+VAi-A* 

^ f _ 1 

dBio.a^^) fP cr^-2|x|VM-V^|a;|VM+VF^' 


r 1 |a.|v7i+V7i^(j2|^|^^ 

dn\B(0,a^) |a;p |a;|VM+V^|a:|v^+VF^ 

V^(v^-\/7 ^—m) o 

= 0(ct ) + O(cr^), 




d'/^ ^{x)H{Q,x) 


n |a;|2|x|v^+v^^ 


= 0(A.a^-2). 


(A.35) 


(A.36) 


It is also easy to see that 




(A.37) 
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(A.38) 


/ yf =Aj+0(a^). 

Jn 

Hence (A.34), (A.36), (A.37), (A.38) yield (A.27). 

(2). Proof of (A.28). 

By using (2.7), integration by parts yields 


Jn 


PV^PUs,,^, 


f TA2*-lrr f ta2*-1._ , f V<y{U5i,^i 

/ Hr - / Kt ‘PSi,(i+M / -|-T^-■ 

/n JQ, JQ, Fl 


/ = (/ + / + / )vT-^Usu. 

= if + f )Vf-^Usu. + Oia^sf^}. 


As Ai —>■ 0+, 

Jb(qA) Jb(oA 


(A.39) 


lB{0,i) 

o* 1 A7+2 


= CoCl = 


s(o,J) (cr 2 |a;|^i + |a;|^ 2 ) 2 + \x - ^i\'^) 2 ' 


1 


-(- 


1 


'b(o,J) (ct^I^I^i + |a;|/^2) 2 (J2 _|_ |^^|2) ^ 

/• 1 1 


- + o(N^)) 


/r'v (|z|^i + |z|/^ 2)|^i|^ 2 


— + o(cr ^ ), 


I \A -1 
B((i4) 

N + 2 


O * 1 -h ^ _ 

Us,A = CoCl 


/b( 0,2) (cr2|2;_|_^.|/3i _|_ |a;_|_^.|/32) 2 (^Sf + \ x \'^) 2' 


< 0((T 2 (5 

then 


(A.39) = CoCl 


1 


On the other hand, 


/r« (l^l^i + |z|^2) ^ 


— + o{a'^^S^ ^ ). 




(A.40) 


N + 2 -^-2 


/s(0,f) 


+0(ct 2 2 ) 


— ^0 


o* 1 A7+2 


Hiii,x) 


= Cad "V—A' 


/B(o,f) (a^|x|^i + |x|^2) 2 

f 

Ib(0+) (ct^|x|^i + \xd)^^ 


, Ar+2 ^-2 
N+2 + 0{a 2 A " ) 


, Ar+2 ^ 

+ 0(a^A ^ ) 


— ^0 


CoC„ crv^=^^A- / - ^^—wTT + o(cr A )• 


/r'^ (l-zl^i + |z|^2) 


Similarly to (A.35), we have 
/• -jVf-Vf-m 


{x)H{0, x) 


d + \x-m^ 


-) < o(^-), 


(A.41) 
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which yields 


f V<yUSi,^i 

Oifxa 2 <5, M- 


(A.42) 


N-2 iLzl 

+ o{fia = ( 5 , " ) 



Then (A.44), (A.45), (A.46) yield (A.29). 

(4). Proof of (A.30). 

We omit it here since it is similarly to (A.29). □ 
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Lemma A.8. As fx ^ O’*", 


\PV,\^ = - 2*CoC^^-^H{0,0)a^-^ — -—^ 

JR^ + \z\^^) ^ 


+ 0 {^ia^-'^) + O(a^) 


\PU5uS^^ = s} 


(1 + \z\‘^) 2 ' 


+ o(^f); 


(A.47) 


(A.48) 


- H ppsu .+ py^ 


(A.49) 


= -2*CoCl'-^H{0,0)a^-^ --- 

V (|2|/3i + |z|/32)^ 


-2*^CoC; 


^ * 7r" (|z|ft + |z|/32)^ 


^ 7r«(1 + |z|2) — 


+2- i: CS'S^S^ [ 

iR^(l+|zP) — 


^2*-l_i^c^ f G(5*,0) 


-2*C^Co" -V—(5, 


/r^ (1 + |zp) ’ 


+ ^(o(a^V')+ ^ o(j;^-‘5;=-‘) + 0(5f)) + 0(Ma^-2) + 0(a^). 

i=l j = 


Proof. (A.48) is from [2], 
By (A.34), 


/ |PP.|2 = - 2 * -V. + 0(a^) 


= -2*CoC2 -ip(0,0)(T^^ 


v^(v^+v7^~p) 




v^(v^+\/m-m) 


+0(^a ) + 0(cr‘^^). 


Now we turn to (A.49). By (2.6), (2.7), (A.39), (A.40), 


/ {PV.f-^PUs,,^, = [ (Pf-1 + OiVf-^ip.))iUs„i, - 

JB{0,^) Jb(OA) 


x/g(W-2 + VF^) W-2 


/B(O.S) 


^cT (t^5i.«i-V35i.6) + CI(cr (5i " ) 


iV-2 . -^-2 


= CnCj "V—A' 


r G($.,0) 

/r" (I^I^^ + l^:!^^)"^ 


W-2 

Iv+F + o(cr 2 A " )• 


(A.50) 
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Then by (A.47), 


' B(0,\ 




(A.51) 


n k p k p 

/ {PV,f-2*y^ iPV.f-^PUs„i,+y^Oi {PV,f-\PUsUif) 

JB{0,^) JB(O.a) 


= S,} -2*CoC;-^H{0,0)a 


N-2 




-2*J2<PoC'i 


'2*-V^5^ f __ 

^ * V (|z|/3i + |z|/32)^ 


+ ^o(cr"2"(5, " ) + 0(MCr^ 2) + 0(cr^). 

i=l 


We also have 




- J2 


(A.52) 




P k 

/ E PUs„^,-PV^f 

« fc 

/ + 2* E iPUs„i,f-^PUs„i,-2*{PUs„^,f-^PV^ 

k 

+0{f [PUsu.f-^- E 


i=ioAj 


= -2*Co^ i7(ei,e.)5, 

k 


N-2 


1 


I , I |2\^±2 

R'^ (1 + |2p) 2 


+2* E ^0*^* ^ 

i=i jA* 


N-2 N-2 

I 2 

j 


G(e*,G) 


^7_2 Ar-2 




'r^(1 + |z|2 )— 


JR« (1 + |z|2)^- 


where the last equality was obtained by the results in [2] and 
[ {PUsUif-^PV, 


(A.53) 


^-2 Ar-2 , 


-'ste.D 

O* T Ar-2 ^-2 

= C,Cl-^a^5,- 


Uil iy^-^<r) + o{5,- a^) 


- d 




N-2 ,, -^-2 , 


V (1 + |2|2)^ |^^|v^+v^ 


(x)iJ(0,$*)) + o(cr 2 (5^ " ) 


/r« (1 + l^p) 


At last, 


/n\B(o,f)U U 

i = l 




(A.54) 
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Then (A.51),(A.52),(A.54) yield (A.49). 


Lemma A.9. 


- + +pV'y 


(A.55) 


^ JR'V ^ Jrn 

+ f In Vi + fc f [/^g In C/i 0 + o(l). 

JR'V JRN 


Proof. Similarly to [13], 


/ I - ^ PUsa. + PV^f In I - ^ PUs,,^, + PV, 

/s(o.i) 


(A.56) 


^ -Ing- / V^+ lnPi+o(l) 

' M ~ M jR-f^ JR'^ 


A- 2 


Incr- / Vi + [ Vi lnTL+o(l), 


/ I - ^ P[/5„5, + PP,|2* In I - ^ P[/5,,5, + PV^ 

i=l i=l 

N — 2 f * f 

-r— ln6^■ C/io+ / C^iolnt/yo+ o(l), 

^ JR«‘ JR-N 


(A.57) 


/n\B(o.a) u “ 

i = l 


- ^ PUs„i, + PV^f In I - ^ PUs,,i, + PV„ 


= o(l), 
then we conclude (A.55). 


Lemma A.10. As u —>■ O'*', 


(A.58) 


^1,0 ^ + o(l)j 


(A.59) 


^1,0 + o(i); 


(A.60) 


PflnPi = / t/fglnUi.o + o)!); 


(A.61) 


= So-S^i + O{^l^), 


(A.62) 

(A.63) 


for some positive constant S independent of pL. 

Proof. The equalities can be obtained by direct computations. 


B Appendix 


The lemmas used in Section 4 are listed below. 
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As Lemma A.l, we have the following. 


Lemma B.l. For i,l = 1,2,..., k, and j,h = 0,1,..., N, it holds 

(pW,pW) = co4 + o(4); 

{P^,P'i’l) = o{^){and o{-^)); 

{P^,P^) = Ci,,l + o(^); 


1 


1 


= o{-^){and o{j^)) ifi^lorj^h 
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where cq > 0, q j > 0 are constants. 

Lemma B.2. 


k 

i=i sr~^ 

k 

ll(/o(E(-ir'^C^5.,6 + (-l)"^^.)-/o(^.))^ll2iV/(iV+2) = 0(4l^). 




(j77+2 


Proof. We only prove (B.5) for h ^0. 


k 

i=l 

k~\~ 1 k 

i=l i=l 

k 


As Lemma A.3 in [25], by (2.6), (2.7), 


k 

f m^i-^y-^pusu. + (-i)"^K.) - 

i=i 

JAi JAi 

+C f 

Ja, ' 


/ 1 X 

— ’^( 2N '); 

^W+2 


Since 


/A 


|p2;^-V5,,^,Vl/f|2^/(^+2) 


< c 


N + 2 

f I ^ (^'^ - ef) 

'A^sf + ix-m^ 


2N{N-3) 

^2N/{N+2) ^ (9(J^ «+- 


(B.l) 

(B.2) 

(B.3) 

(B.4) 


(B.5) 

(B.6) 

(B.7) 


(B.8) 
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for i 


J Ai 


= c 




5^ 


^'(^f + k-6P)^(<52 + |^-^,|2)^ 


|2Af/(Af+2) 


< 




M + 


)W+2 ( 


A, (5| + |a;-?*p) 2 


__ 12Ar/(Ar-2) j ^q:| 


^( 2N )5 

sr~^ 


and similarly, 



y^\J>|i|2W/(W+2) 


o{^). 


The same arguments as (B.8) give that, for i ^ I, 



{-iy-^pus„^, + (-i)'=PK) - 


o{^). 


At last, 


/c 

Jq\b{o,p) ^_-j^ 

{ ^(^- 2 ) 4 ;^ k 

0{S^ )(0(a^)+EO(<5f+=)) if h = l,2,...,N, 

N(N-4) k 4N 

0(61 )(0(a^) + EO(<5f+^)) if h = 0 . 

Then (B.5) follows. 

Lemma B.3. 

k k 

h*{T.(-^y~"fo{Usu.) + (-l)Vo(K)) - K.A.dU + Oiifia^)^). 

i=l i=l 

Proof. It is similarly to Lemma A. 4. 

Lemma B.4. 


(B.9) 


(B.IO) 


□ 


(B.ll) 

□ 


\\if'e{Ve,xA-foiye,\0)n2N/(N+2) = CsM^; (B.12) 

||/e(K.A,c)-/o(K,A.«)|| 2 JV/(iv+ 2 ) = Ce; (B.13) 

||/o(K,a.c)-(E(-1)*' /o(t^^o«J + (-l)Vo(K))||2iV/(JV+2) = 0(6^^). (B.14) 

i=l 

Proof. The first two, as Lemma A.5, are from [4]. The last one can be proved as (4.5) in [25]. □ 
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Lemma B.5. Let k > 1. Then 


\PV P JV 

\ypv,\^ - +o{ey, 


[ ypVaVPUs,,^, - M 
Jn 


PVaPUs,,i, 

\x\^ 


Cr(^) Irn ■ £ + o{e) if i = k, 


(l+\y\2)— (l+|fj^|2) — 


o(e) 


if i^k; 




1 


JQ FT ’ 

f PUsu.PUs^i, 

[ \yPUsuf 


° ' - |yP(i + |y-GPr-^ 

= o{e), i^j] 


ITT + ois); 


So - Co PiO, 0)Af ^ /jj„ ^ w +2 • e + o(e) if i = l, 


(i+l^l")' 


if * 7^ 1; 


_ Sq^ + o{e) 

f yPUsuyPUs,,^, 

Jn 

fun -^TFT- ^ N -2 ■ g + o(g) i/j = i + l, 

o(e) 

where we assume, without loss of generality, 1 < i < j < k. 


otherwise, 


Proof. (B.15) and (B.19) can be obtained by (A.27) and (A.31), respectively. 
(1). Proof of (B.16). 

By using (2.7), integration by parts yields 


/ VPV.VPUsu. - = / Vf-\Usu. - + ti 

JQ FI Jn 

It is easy to show, by using (2.6) and (2.7), that 


T<TiUs,,u - 


< C5, 


N + 2 
(7 2 


In (a^|x|^i + 


< Ca xii-iJ. S- 


N-2 , -^-2 


I^N (|y|/3l -g |y|/32)^^^ 


= 0 {a^ 6 ,^ ) 


and 


f (Pcr{USi,^i - (pSi,ii) ^ f TaUSiXi ^ ^ 


On the other hand, 


/ U / V^'-^Usu.+Oia^d"^'). 

Jn Jaj 


(B.15) 

(B.16) 


(B.17) 

(B.18) 

(B.19) 


(B.20) 


(B.21) 


(B.22) 


(B.23) 


(B.24) 
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If z = fc, j = fc + 1 




= Cl^-^Coa^5, 


N-2 

2 

k 


^Afc+i {a‘^\x\^^ + (J2 ^ 


_ /^2* —1/^ 

— ^/i ^0 Ar-2 




(|#i + |2/|/32)- 




(i + i^^s-ap)^ 


= cr(^r 


1 


1 


V (l + |y|2)^ (1 + |^^|2)^ 

If z ^ fc or j ^ /c + 1, similar arguments as (B.25) give 

/ Vf-Xs„i,=o{e). 

Jaj 

Then we conclude by (B.2I)-(B.26). 

(2). Proof of (B.I7). 


' e + o{e) 


{B.n) = fi [ 

JQ 


\Us.. - 


.e 


n \x 

= ^ 


2 + 

I 


N-2\ 


= 


° 'n |yP(l + |y-CiPr-2 

'• I 


V l2/P(i + |y-C.Pr-2 

Similar arguments give that (-B.I8) = o(e) 

(3). Proof of (B.20). 

Without loss of generality, let I < z < j < fc. Then as (B.24), 
(B.20) = ( C/|,* + o(e) 


- + o(mC"") 

o(e). 


C'o*( " Ir^ - ^ n+2 - ^ M-2 -£ + 0 ( 5 ) if j = z + l, 

“ (i+|yP)— (i+ICd")~ 


o{e) 


otherwise. 


(B.25) 


(B.26) 


(B.27) 


□ 


Lemma B.6. Let k > 1. Then 


k 

f \^{-iy-^PUsa. + i-l)^PV. 

i=i 


= ksj + sy - 2*cf H{0, 0)A)' 


-2-Cr 


N-2 


(1 + | zP )^ 


z=l 

k 


-rcr 


l!/l''-’(l + l!/-Cil')^ 


' R " (1 + |?/| 2 )" 2 +'' (1 + |^^| 2)'^2 " 


' £ + o(e), 


where A^+i = A. 


(B.28) 
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Proof. 


fc + 1 « k 

(B.28)=|J \J2{-iy-^PUs„^, + {-l)'^PV,f+0{S^). 


First of all, 


j=i i=i 




r>* 1 N-2 ^ + ^ 


Uk (CT^Ia;]^! + ^ {5l + \x- 


_ /^2*—1 

— 


(7 2 


= Q (-) 


k 

A . iV-2 


{if-r\y\P^ + \yf^)^ {l + \y- aP)^ 


Afe JjiiV |y|W-2(l |y _ 2' 


' £ + o(£), 


and 


= o(e), if i fc, or j ^ A:. 


From [25], we also have, for 1 < z < j < fc, 

/ + o(£) 


(^) "" " /iRiv ^ m+2 • £ + o(£) if j = i + 1, i = I, 


|yr-^(i+|y-CiP)~ 


3 (£) 


otherwise. 


(B.29) 


(B.30) 


(B.31) 


(B.32) 


Noticing (B.25), (B.27) and the above three equalities, then the proof of (B.28) is actually involved 
by Lemma 6.2 in [25]. □ 


Lemma B.7. 


n k k 

/ I \r,\J2i-^y-^PUsu. + i-l)^PV.\ (B.33) 

J A _1 A _1 


N-2 


Ina- I Vf - 
Z Jg^N Z 


N-2 


ln((5i(52...4) • [ Ul 


2 * 

0 


+ f Vy In Fi + fc f [/^g In [/i 0 + o(l). 

jR'v Jm.N 

Proof. The proof is similarly to Lemma A.9. 


□ 
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